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Abstract

Kramers’ theory is used to derive simple expressions for the hopping distribution in multidimensional activated
surface diffusion. The expressions are tested against one- and two-dimensional numerically exact simulations. The
present expressions are valid provided that the average energy loss of the particle as it goes from one barrier to the
next is of the order of kg7 or more. The ratio of double hops to single hops is shown to obey an Arrhenius-like
behavior, with a prefactor that is proportional to \/T. The added activation energy is proportional to the average
energy loss of the diffusing particle. The magnitude of the energy loss depends on the coupling between modes: the
stronger the coupling, the larger the energy loss and the smaller is the multiple hopping probability. The theory is
used to analyze recent experiments on the diffusion of the Pt atom on a Pt(110)-(1 x 2) missing row reconstructed
surface.

Keywords: Atomistic dynamics; Computer simulations; Diffusion and migration; Energy dissipation; Equilibrium thermodynamics
and statistical mechanics; Friction; Platinum; Surface diffusion

1. Introduction

Linderoth et al. [ 1] recently reported experimen-
tal results for diffusion of Pt atoms on a Pt(110)-
(1 x2) missing row reconstructed surface. Their
central findings were: (a) double hops, between
next nearest neighbor sites, participate in the self-
diffusion; (b) the rate of double hops follows an
Arrhenius law with an activation energy slightly
larger than for single hops. In a theoretical discus-
sion, Jacobsen et al. [2] formulated a ‘transition
path theory’ showing that the extra activation
energy needed for double hops is given by the
minimum energy trajectory which succeeds in
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the double jump. They also showed that the double
hopping probability has a \/T prefactor, where T
is the temperature.

Multiple hops in surface diffusion were reported
previously by Senft and Ehrlich [3] for the diffu-
sion of Pd atoms on a W(211) surface. They have
also been noted in various molecular dynamics
computations [4—13] and numerical simulations of
the one-dimensional Langevin equation [14]. A
one-dimensional theory of multiple hops has been
worked out in recent years [15-19]. It is based on
adaptation of the Kramers model for activated
rate processes to the problem of surface diffusion.
In this model, the particle moves on a one-dimen-
sional periodic potential and is subjected to a
Gaussian random force and a frictional force
which are related by the fluctuation dissipation
relation. Explicit expressions for the hopping dis-
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tribution, at any value of the damping, have been
derived in Ref. [16]. The time dependence of the
hopping distribution has been worked out in
Ref. [18] and applied successfully to the experi-
ments of Senft and Ehrlich in Ref. [19].

The first purpose of the present paper is to
demonstrate that the added activation energy for
double hops is predicted from the one-dimensional
activated surface diffusion theory of Ref. [16]. In
Section 2 we will show that this added activation
energy is directly proportional to the average
energy loss A of the particle to the dissipative
environment as it traverses from one barrier to the
next. The \/7 prefactor is a natural outcome of
the theory. An extra Arrhenius activation energy
for the multiple jumps is predicted to occur when-
ever A/(kgT)>1. This condition sets the scale for
the characteristic magnitude of the friction coeffi-
cient and temperatures at which one can observe
Arrhenius-like behavior for multiple jumps. The
ratio (P;;) of hops of length j>2 to single hops
has the simple form

O s
M Nk T
=2, A>kyT. (1)

exp[—(j—1)4/(4kp T)],

The theory, applied successfully to the experimen-
tal results of Linderoth et al. [1] demonstrates that
there is also a small contribution of triple hops
(and longer) to the measured experimental results.
The activated surface diffusion theory of
Ref.[16] is a one-dimensional theory. This is an
idealization; in reality the adatom is moving on a
three-dimensional potential. The multidimensional
theory of activated surface diffusion has not been
studied extensively. Numerical simulations on
model two-dimensional systems described by
Langevin equations [20-22], as well as by numeri-
cal simulations of realistic systems [4—13], abound.
Systematics and a theoretical understanding of
multidimensional effects are still not available.
The multidimensional Kramers problem for
activated rate processes has been studied extens-
ively [23-35]. When the added degrees of freedom
are weakly coupled to the reaction coordinate, the
system behaves effectively as a one-dimensional
system. However, in the limit of strong coupling

of the modes, they act simultaneously to deplete
energy from the reactive system; hence the energy
loss becomes much larger. The known results for
the double well potential are that the magnitude
of the energy loss A strongly depends on the
coupling between the modes of the system. In the
limit of strong coupling of n degrees of freedom
the energy loss will go as (PE)" [where
p=1/(kgT)]. This would seem to imply that in the
strong coupling limit the extra activation energy
needed for the multiple hops in surface diffusion
is not Arrhenius-like in nature.

In principle, one can always use a realistic
molecular dynamics computation to obtain rates,
hopping distributions, etc. However, such a com-
putation serves in many ways as a black box and
one would like to gain further insight. When an
atom diffuses on a surface, it is often the case that
at most only the three degrees of freedom of the
diffusing particle are strongly coupled while the
coupling to the crystal atoms is weak. It is therefore
of interest to understand how strong coupling
between a few degrees of freedom could affect the
resulting dynamics. More specifically, the results
of Jacobsen et al. [2] were obtained from a full
molecular dynamics simulation and they observed
only a linear inverse temperature dependence of
the energy loss. Does this indicate that in fact they
were dealing with a weakly coupled system? To
elucidate these questions we have undertaken a
study of the effect of coupling of other degrees of
freedom on activated surface diffusion.

Instead of estimating the energy loss via pertur-
bation theory about the unperturbed multidimen-
sional trajectory, we will use the stochastic
trajectories to evaluate directly the multidimen-
sional energy loss 4. When the damping is not too
weak we find that this energy loss is independent
of the temperature and the ratio of multiple to
single hops obeys an Arrhenius law. The magni-
tude of the energy loss is found to be dependent
on the coupling between the modes: the stronger
the coupling, the larger the energy loss and
multiple hops become less probable. The multidi-
mensional theory is presented in Section 3.
Numerical examples are obtained using a new and
extremely efficient fourth-order integrator for
Langevin equations of motion [36]. We end in



Section 4 with a discussion of additional open
problems in the multidimensional theory of acti-
vated surface diffusion.

2. Multiple hops in one-dimensional activated
surface diffusion

2.1. Theory

The starting point for the one-dimensional
theory is the generalized Langevin equation (GLE)
describing the time evolution of the particle

dw(q)
+
dg

where y(¢) is the time-dependent friction; below
we will use the notation J(s) to denote its Laplace
transform. The potential w(q) is periodic, charac-
terized by the frequencies w,, w* at the wells and
barriers respectively, with a barrier height V* and
distance [, between adjacent wells. The particle
with unit mass is assumed to be initially in one of
the wells, labelled 0. The boundary conditions are
such that the energy of the particle deep down in
the zeroth well is thermal (P(€) ~e™ ¢, where e=fFE
is the reduced energy which is zero at the barrier
top). Initially, there are no particles at the bottom
of any of the other wells.

From Kramers’ early work, one knows that the
rate of escape from the initial well is dependent
on the magnitude of the friction coefficient y=(0)
(where the hat notation signifies the Laplace trans-
form). When y/w*<« 1 the rate-limiting step is the
diffusion of energy from the bath to the system.
When y/w* > 1 the energy diffusion is typically fast
and the rate is limited by the spatial diffusion of
the particle over the barrier. In the spatial diffusion
limit, the rate is given by the well-known Kramers—
Grote—Hynes result [37,38]

+J dz y(t—1)g(r) =<(1) (2)

7
D0 i (3)

Fsd: T
T w

The reactive frequency [37,38] A% is the positive

solution of the equation

¥ 400N =0 (4)
In the

energy  diffusion-limited regime,
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Mel’'nikov [39] has shown that the conditional
probability that the particle changes its (reduced)
energy (e=pE) from € to € as it traverses from
one barrier to an adjacent one is a Gaussian

exp[—(ej_e—i_é) } (5)

P(ele) = 5

1
Vimo
The reduced energy loss parameter ¢ is the average
energy (in units of kzT') that the particle loses to
the bath as it traverses from one barrier to the
next. In the weak damping limit (y/wt«1), it is
given to a good approximation as [39-42]

5=2J dlj dr’ g(e)y(r—1)q(r) (6)

where ¢(¢) is the solution of the unperturbed
equation of motion [§+w'(q)=0] at the barrier
energy, such that at time = — oo the particle is
initiated at the first barrier and it reaches the
second barrier at the time r=oo. For ohmic fric-
tion, defined as

(1) =2y0() (7)

the energy loss is simply 6= pyS, where S is the
action of the orbit.

The hopping probability p; is defined as the
probability that a particle is initiated at the zeroth
well, escapes, and is then retrapped for the first
time in the jth well, which is a distance j/, from the
original well. As shown in Refs. [16,40], the (classi-
cal ) hopping probability depends only on the single
reduced parameter ¢ and is given by the expression

_ I
Pj= T,
1 27 ) k
S dk sin? | — | cos(jk) exp[ f(k)]
™ Jo 2
T.
~l) (8)
Fsd
where
S(k) : r d 1
=— T
2n)_ ., P41

|: 1—P(1)? :|
n %)
1+ P(1)2 —2P(7) cos (k)
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and
P(t)=exp[— (x> +1)]. (10)

In Eq. (8), I, j#0 is the rate of particles entering
the jth well, whereas I, is the (negative) rate of
particles exiting from the zeroth well. For large §
the difference between — I, and I, is negligible.
In the limit of large energy loss 6>1 the small
parameter of the problem is 5=¢~°“. In this limit,
the expression for f(k) [see Eq. (9)] can be simpli-
fied. Keeping only the leading order term in b for
each power of cos(k) one may rewrite Eq. (9) as

S =fo+ ¥ f, cos" k (1)

= 2 27nefr5n/4

Vo n3?

where the coefficients f, are accurate to o(5~ !b").
With accuracy o(b) one can rewrite Eq. (8) as

1 2n
pjﬂzémj dk cos( jk) e/® (12)

0

and the function g(k)=e’® can be written as an
expansion over powers of cos(k):

glky= ) gucos"k, go=L. (13)
n=0

One can readily derive the recurrence relation

between the coefficients g, and f,:

n

ngy= 3 Mfuu-m» n=1,.. (14)
m=0
From Eq. (10) one notes that all terms in Eq. (14)
are of the order of »" and must all be taken into
account if one wants exponential accuracy.
However, one can show that the main contribution
to g, comes from the last term in Eq. (14):
2 2"
~f = = emom4 15

& =/, Vs (15)

The first term in the expansion given by Eq. (13)
which contributes to p;.; is the jth one [see Eq.
(12)]. On the other hand, all terms of order higher
than j will contain higher powers of the small

parameter b. Taking into account that

2n
J dk cos(jk) cos! k=21"in

0

one finds the central result of this section:

—3/2 ‘
pj+1=p—(j+1):meija/4s JZI (16)
To order b, the probability for a single hop is
p1=p-1=1/2. The hopping ratio P;; for a hop of
length j relative to a hop of length i is defined as

Pji=— (17)
and one notes that Egs. (16) and (17) immediately
give Eq. (1).

The formal result found for the multiple jump
ratio, given in Eqgs. (16) and (17) has a simple
physical interpretation. When the damping is
weak, but the energy loss is large, the distribution
of escaping particles is thermal [39,40]. Therefore,
the fraction of particles that start at a barrier and
make it to the adjacent barrier is given by (the
barrier energy is zero)

F, ~J deJ de’ P(ele’) exp(—€")

0 0

Vo 2
=erfc <2>~m exp(—o/4), o>1 (18)

and the conditional probability P(ele’) has already
been defined in Eq. (5). Similarly, the fraction of
particles that make it to the barrier which is two
lattice lengths distant is

F3,1~f def de’J de” P(ele’)P(€'le”) exp(—€")

0 0 0

6 2 \/5 1 —0/2
=2|:erfc<\ﬁ>+erfc <2>:|~me 2 51
(19)

and the generalization to longer hops is evident.
One must distinguish between the probability
for a long jump p; and the experimentally measured
time-dependent distribution of the particle.
Typically, at time =0 the particle is found to be



at some location on the surface. At some fixed
later time 7, one measures the probability of finding
the particle at the jth lattice site away from the
initial point. This time-dependent distribution
pi(t) is governed by a master equation that may
be solved, as shown in Ref.[18]. The result is
again a function of the reduced energy loss ¢ and
the spatial diffusion rate I,y only. The explicit
result was found to be [18,19]

1o I
(= J dk ¢~ Tt gk (20)
0

where the function I(k) is the Fourier transform
of the transition rates between different wells and
is given by

I(k) [k 1 (=
—— =2sin? exp | — ds
I sd 2 T Jo

In{1 —exp[—25(s> + 1]} /(s> + 1) >
1 +exp[—25(s* +1)] —2 cos (k) exp[ — d(s* +1)]
(21)

In the limit of large ¢ the leading contribution is
from single and double jumps only and one recov-
ers Eq. (1) of Ref. [1], which was used by Linderoth
et al. to fit their experimental distribution.

2.2. Experimental application

Linderoth et al. [1] measured the single and
double jump rates for Pt on Pt(110). They fit the
experimental results for the single jump rate to an
Arrhenius form:

—0.81eV
I /s~ 1=1017 exp[}

P (22)

Using Eq. (8) and the reduced energy loss ¢ as a
fitting parameter, we find an excellent fit to their
experimental results for 6 =0.19 eV/kgT, see Fig. 1.
This value of the energy loss implies that ¢ varies
between 5.8 and 7.4 over the temperature range
studied in the experiment. In this range, the time-
dependent distribution is sufficiently sensitive to
the magnitude of the energy loss. Using this value
for the energy loss, we obtain also excellent
agreement with the experimental time-dependent
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Fig. 1. Arrhenius plot of the single and double hopping rates
of Pt on the Pt(110)-(1 x2) reconstructed surface. Triangles
and diamonds with error bars are the experimental results of
Ref. [1]. The solid lines are the fits based on Eq. (16). The fitted
parameters are [,y =0.64s~! (at T=375K), V*=0.81 ¢V and
A4=0.19¢eV.

distribution (at 7=375K) as shown in Fig. 2,
using the value of I3 =0.64s"1.

At T=375 K, the ratio of hopping probabilities
we find is: P,;=0.080, P;;=0.010 and longer
hops are smaller. Our fit to the experimental data
is as good as that of Ref.[1], but our P,,
is somewhat lower than their estimate of
P,,=0.095. Linderoth et al. [1] used a fitting
procedure in which each hopping ratio is treated

0.4 —— — |
y03r
=
5
202
[an]
o)
[
A 0.1 -

00 L= K

-4 2 0 2 4
DISPLACEMENT

Fig. 2. Distribution of displacements after 2.3 s for the diffusion
of Pt on the Pt(110)-(1 x 2) reconstructed surface at 7=375 K.
White bars are the experimental results of Ref. [1], black bars
are the theoretical fit, based on Egs. (20) and (21). The fit
parameters are the same as used in Fig. 1.



78

as an independent parameter. Eq. (21) shows that
the hopping ratios are dependent and the whole
distribution should be describable in terms of the
two parameters ¢ and [y This leads to some
differences between the hopping ratios we get and
those of Linderoth et al. The same happens
at other temperatures, e.g. at T7=294K we
find P,,=0.051, P;;=0.004 compared with
P, ,=0.056 obtained in Ref. [1].

The magnitude of the energy loss is large enough
to justify use of only the leading term in the
expansion of the jump rates with respect to 9.
Using Eq. (1) one notes that this implies that the
difference in activation energy (5/4) between single
and double jumps is ~0.05eV. This is within the
error bounds of the experiment as reported in
Ref. [1] (see Fig. 1). The agreement of the fit with
the experimental results supports the contention
of Linderoth et al. [1] that the diffusion of Pt on
Pt(110) is effectively one-dimensional and that
coupling to other surface degrees of freedom is
rather weak.

The magnitude of the energy loss may also be
estimated from physical properties of the adatom
and the surface. In Ref.[18] we showed the
following.
® Phonon friction is the major energy loss mecha-

nism for metal atom diffusion on metal surfaces.
® Phonon friction is ohmic [see Eq. (7)]. (We

note here, that this result is controversial.

Sethna and coworkers [43,44] claim that the

friction is superohmic, whereas Refs. [18,45—

47] claim that it is ohmic. Even if the friction

is superohmic, the quantitative effect on the

energy loss will be small and so this is not
expected to change the conclusions delineated
below.)

® Typically, the friction coefficient 7y/w*~
0.01-0.1 i.e. the damping constant is small.

® The typical energy loss 6 >1 owing to the rela-
tively large activation energies when compared
with room temperature or lower.

® One can obtain reasonable estimates for the
magnitude of the friction coefficient y and the
energy loss in terms of physical properties of
the crystal and measured activation energies.

Specifically, the potential w(g) may be approxi-

mated as a periodic cosine potential:
teos? [l
w(g)=V*cos* | n— (23)
a

where « is the distance between adjacent wells and
I+ is the activation barrier height. The barrier and
well frequencies are identical:

2m?

ma?

CL)Z

(24)

where m is the mass of the adatom. The friction
coefficient may be estimated using

Y mo?

w  6mpcd

(25)

where p is the crystal density and ¢, is the sound
velocity in the crystal. The barrier height may be
inferred from the measured temperature depen-
dence for the single jump rate. The energy loss for
the potential given in Eq. (24) is then

A=a Lyt (26)
)

The constants for Pt on Pt(110) are given in
Table 1. One finds that the frequency of the particle
in the well, as obtained from Eq. (24), is a factor
of 30 larger than the frequency obtained from the
experimental prefactor of ~ 10! s~ This is seem-
ingly a huge discrepancy. We believe that this
results mainly from the difficulty in predicting
accurately the prefactor from temperature-depen-
dent results. To demonstrate this, we show in
Fig. 3 what we believe is as reasonable a fit to the

Table 1
Physical parameters for the diffusion of Pt on Pt(110)

Parameter Magnitude Dimensions Reference

a cm [1]
2.78x1078

14 0.81 eV [1]

p 21.4 g/cm?® [49]

I 1.73 x 103 cm/s [49]

m 195 a.m.u. [49]

) 1.0x 103 s Eq. (24)

v/ 0.154 dimensionless Eq. (25)

A4 0.50 eV Eq. (26)
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Fig. 3. Arrhenius plot of the single and double hopping rates
of Pt on the Pt(110)-(1 x 2) reconstructed surface. The fits (solid
lines) are based on two independent parameters only: the activa-
tion energy for single jumps and the energy loss 4. The prefactor
is assumed to be w/m where the frequency w is estimated via
Eq. (24). (In Fig. 1 the prefactor is also treated as an indepen-
dent parameter.) The fitted parameters are V'=0.93 eV and
A4=0.19¢eV.

experimental results as shown in Fig. 1, but which
is based on the estimate that,

—0.93 eV:| .
— s

ke T (27)

I, =10'%3 exp[
which by construction gives a frequency of
1.0 x 10'3s, in agreement with the estimate given
in Table 1. The increase in the prefactor is compen-
sated for by a small ~14% increase in the activa-
tion energy. Owing to the limited range of
temperatures, the experiment is not really able to
distinguish between the two representations. The
fit to the rate of double jumps is obtained using
the same energy loss parameter as in Fig. 1.

The estimate for the friction coeflicient, based
on Eq. (25), using the frequency w obtained from
Eq. (24) leads via Eq. (26) to an energy loss 4=
0.50 eV, a value which is 2.5 times larger than the
value estimated from the fits to the experimental
data. At T=375 K this is equivalent to the dimen-
sionless energy loss 6 =15. Eqs. (24)—(26) provide
only a rough estimate of the friction coefficient. A
lowering of the well frequency by 35% would
suffice to bring the theoretical estimate of the
energy loss into agreement with the fitted result
(0.19¢eV), since the magnitude of the friction
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coefficient goes as the fourth power of the fre-
quency [see Eq. (25)]. The assumption of a cosine
potential as in Eq. (23), which assumes equal
frequencies at the barriers and wells of the periodic
potential, is a rough guess. All this implies that
Egs. (23)-(26) provide a ballpark estimate for the
friction coefficient and the energy loss. The fact
that the crude estimate gives an energy loss that is
larger than the experimental suggests that indeed
phonon friction is the main source for the energy
loss mechanism. Any additional frictional mecha-
nism would even further increase the energy loss.

2.3. Numerical application

The validity of the approximate expression for
the hopping distributions given in Egs. (14)—(18)
was tested by comparison with numerically exact
results for the Langevin equation with the periodic
potential given in Eq. (23) and ohmic friction. The
parameters used were a=2m and V*=1. The
numerical solution of the Langevin equation was
obtained with the fourth-order Runge-Kutta
integrator described in Ref. [36]. The added accu-
racy of the integrator enabled the computation of
extremely small hopping ratios and thus provides
a stringent test of the approximate expressions.

In Fig. 4 we compare the dependence of the
numerically exact ratio of double jumps to single
jumps P, ; on the magnitude of the reduced energy
loss ¢ with the theoretical expressions [Eqs. (1)
and (18)] for a large range of temperatures and
friction coefficients.

3. Multiple hops in multidimensional activated
surface diffusion

3.1. Theory

For the sake of simplicity we will restrict our-
selves to a system with two degrees of freedom;
the generalisation to more degrees of freedom is
straightforward. The discussion will also be limited
to ohmic frictions; the generalisation to memory
friction follows the discussion in Refs. [33-35,42].
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Fig. 4. Dependence of the ratio of double jumps to single jumps P, ; on the magnitude of the reduced energy loss ¢ for one-dimensional
diffusion. The open squares and open circles show the numerically exact results for the Langevin equation with the potential of Eq.
(24). The squares are for y=1073, the circles for y=1072. The solid line is the exact analytic result, based on Eq. (8). The dotted
line is the function erfc(\/9/2), valid for 4> 1; the dashed line is the asymptotic expansion of the erfc function, see Eq. (18).

The equations of motion take the form

0
SRS (28)
oq
0
L 2MeD e, (29)
A

The Gaussian random forces &(z); i=g¢q, z have
zero mean and obey the usual fluctuation dissipa-
tion relations {EJ(t)¢{(t)) =0;;2kgTy;0(t—1'). The
potential w(g, z) is assumed to be periodic with
wells and barriers. In all computations we used
the following potential:

w(g, 2)=35[cos(3¢q)—1]

C 2
+1 [a)zz—i- — sin(3q):| +4fz4 (30)
choosing w,=1.5 and f=3. The quartic term was
added to localise the motion in the z direction.
Contour plots of the potential for different values

of the coupling coefficient (C=0.1, 1/3, 2/3) are
shown in Fig. 5.

The force constant matrix at a barrier (well) is
denoted as K* (K,). The spatial diffusion rate
constant, which gives the escape rate out of a well,
in the limit that the (reduced) energy loss ¢ is
sufficiently larger than unity is [23]

B [det(Ko)
det(K*)

1/2
= } IF exp(— V). (31)
The reactive frequency A* is the positive solution
of the equation [23]

det(Z¥2+ 2%y + K*) =0 (32)

where I is the 2x2 identity matrix and y is a
diagonal matrix whose elements are y;; i=¢q, z. The
multidimensional turnover theory for the rate is a
straightforward generalization of the one-dimen-
sional theory [33,34] based on the assumption of
a Gaussian energy transfer probability distribu-
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Fig. 5. Contour plots of the two-dimensional periodic potential. (a)—(c) are for C=0.3, 1/3 and 2/3 respectively; see also Eq. (32).

tion:

o PIE —E+ AE(p) }

ATAE(B)
(33)

where E is the initial kinetic energy of the unstable
mode at the (first) barrier and £’ is the final kinetic
energy of the unstable mode at the next barrier
averaged over all trajectories initiated at the first
barrier with a thermal distribution of energy in
the perpendicular stable mode. AE(f) is the tem-
perature-dependent average energy loss of the par-
ticle as it traverses from one barrier to the next.
With these definitions, the Gaussian kernel obeys

ardE(p) T {_

a detailed balance, that is e PEP(E'|E; f)=
e PEP(EIE; B).

The assumption of a Gaussian probability
kernel then implies that the hopping distribution
is given as in the one-dimensional case. For a fixed
value of the reduced energy loss o(f)=pAE(f)
one may use Eq. (8) or the simpler result for 6 > 1
given in Eq. (18) to predict the hopping ratio. The
only difference is in the definition of I,y which is
now given by Eq. (31).

The central object that must be calculated is
the average energy lost by a trajectory initiated at
the barrier. In previous applications of the multidi-
mensional theory this energy loss was computed
using perturbation theory about the trajectories
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moving without friction. This perturbation theory
which is valid for one-dimensional systems may
become suspect in the multidimensional case,
where the intramode coupling may cause the trajec-
tory to take a ‘long time’ as it goes from one
barrier to the next, long enough to invalidate the
use of the classical perturbation theory. A different
approach would be to use a perturbation theory
in which the unperturbed trajectory is the zero
temperature one. In this case the theory would be
valid for low enough temperatures [42,48]. There
is though a second problem which occurs in the
multidimensional theory. It is necessary to identify
in a quantitative manner what one means by
‘reaching the barrier’ when considering trajectories
which are reflected by the adjacent barrier. The
added degree of freedom and the nonseparability
of the different degrees of freedom make the
concept somewhat ambiguous.

To overcome these difficulties we used an
approach based on computation of the numerically
exact trajectories which are initiated at the first
barrier and reach the adjacent barrier for the first
time. If the energy transfer probability is truly
Gaussian then one finds that the energy transfer
distribution for trajectories initiated at a barrier
with a thermal distribution reaching the adjacent
one is

P(E=E—E"; )

j dE’J dE" P(E|E") e "*" S(E—E'+E")

0 0

© ©
J\ dEr J dE// P(E1|Eu) efﬁEn
0 0

e ~4EWB)/4= BEZ[[44E(B)]

~ \andE(p)JB erfe[\VBAE(B)/2]
% [e P2 O(E) + e 0(— E)]. (34)

Detailed balance assures that this distribution is
symmetric about £=0.

The second moment of the distribution is found
to be

253/2 e75/4
Vr erfo(V3/2)

where the double brackets serve to remind that

BLLE?)yo =07 +20— (35)

the average is over the initial and final energies
and the 0 subscript notes that only positive energies
are considered. This equation is readily solved for
a given value of the second moment. In Fig. 6 we
plot the dependence of the second moment on the
reduced energy loss parameter ¢. Asymptotically
for very large 0 the second moment approaches
the value of 8, for very small energy loss it goes
as 26. But in the range of 1<d<20, typically
relevant for surface diffusion, one must solve the
equation numerically.

3.2. Numerical results

The purpose of the numerical study was to
answer the following questions.

1. Does strong intramode coupling affect the
Arrhenius behavior of the double to single hop
ratio (P, ;) as a function of temperature?

2. Can the P, ratio be described quantitatively
in terms of the multidimensional Kramers
theory?

3. Does one get a ‘good’ estimate for the energy
loss from the second moment of the energy
transfer distribution and does it agree with the
observed activation energy found in the P,
ratio?

4. How does the energy loss depend on the intra-
mode coupling strength and the magnitude of
the friction coefficient?

5. How does one reconcile the quadratic (inverse)
temperature dependence of the energy loss in
the underdamped limit with the observed linear
(inverse) temperature dependence?

All computations were performed with the effi-
cient fourth-order integrator of Hershkovitz [36].
In Fig. 7 we show Arrhenius plots of the numerical
(solid circles) P, ; ratio as a function of temper-
ature for different values of the intramode coupling
coefficient C, see Eq. (30). As is evident from the
figure, for all values of the coupling coefficient,
the ratio has an Arrhenius-like behavior.
Moreover, the slope depends on the coupling. This
is seen more clearly in Fig. 8, where we show the
dependence of the Arrhenius activation energy on
the intramode coupling coefficient. It is clear that
the activation energy increases as C increases from
zero. The reduction of the activation energy as the
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Fig. 6. The dependence of the second moment ({4e2)) of the energy transfer distribution [cf. Egs. (34) and (35)] on the reduced
energy loss and assuming a Gaussian energy transfer kernel for the multidimensional case. Reduced units are used throughout (e = SE).
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Fig. 7. Arrhenius plot of the ratio of double to single hops as a function of temperature and coupling between the system degrees of
freedom. The open symbols are the numerically exact results, the lines are based on the theoretical prediction erfc(V/6/2) [see Eq.
(18)] using the value of the energy loss parameter obtained from the Arrhenius slope of the double to single hopping ratio. For C=
0.1 (squares), 0.167 (diamonds) and 0.333 (circles) the reduced energy loss parameter is 2.95, 4.8 and 13 respectively. The value of
the friction coefficient used for all plots is y=10"2
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Fig. 8. Dependence of the double jump to single jump added activation energy (4E, ;) on the intramode coupling coefficient C. All

results are obtained with y=10"2,

coupling coefficient grows beyond C~0.45 remains
a puzzle which we do not understand.

One of the main goals of this study was to
establish the connection between the Arrhenius
activation energy for the jump ratio and the energy
loss of the particle as it moves from one barrier to
the next. In Fig. 9, we plot the energy loss distribu-
tion for different coupling between the modes. The
numerically computed distribution (solid line) is
compared with the theoretical prediction given in
Eq. (34) (dashed line) which has no free parame-
ters. It is based on the assumption of a Gaussian
energy transfer kernel for which the energy loss
parameter is taken to be four times the jump ratio
activation energy.

It is rather expensive to compute the energy
loss parameter from the second moment of the
energy loss distribution, especially for large values
of J. The slope at large J (see Fig. 6) significantly
magnifies any error in the second moment. To
overcome this, we plot in Fig. 10 the numerical
value of the second moment obtained from trajec-
tory computations versus the value of the second
moment predicted from Eq. (35). The value of the
energy loss parameter is taken from the slope of

the Arrhenius plot of the hopping ratio obtained
for the same conditions. The unit slope of the
figure demonstrates that the Arrhenius activation
energy is just 1/4 the energy loss of the particle as
it goes from one barrier to the next.

The slope of the Arrhenius plot can now be
used in conjunction with Eq. (18) to obtain the
hopping ratio from Kramers’ theory. The resulting
theoretical prediction (solid lines) is compared with
the numerically exact hopping ratios in Fig. 7. The
good agreement, verifies the correctness of the
multidimensional Kramers theory for the system
studied. It also justifies the interpretation of the
Arrhenius activation energy in terms of the energy
loss of the particle as it traverses from one barrier
to the next. The good agreement, obtained for
different values of the coupling coefficient C also
verifies that the intramode coupling dependence of
the energy loss is well represented by Fig. 8.

4. Discussion

A simple result was derived for the hopping
distribution in surface diffusion. The result is valid
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Fig. 9. Comparison of numerical and theoretical energy loss distributions for different values of the intramode coupling coefficient.
The solid lines are from stochastic trajectory computations, the dashed lines are the theoretical prediction, based on Eq. (34). (a)
Weak intramode coupling (C=0.1) and f=200. (b) Strong intramode coupling (C=1/3) and =120.

as long as the damping is weak but the reduced the hopping distribution leads to the conclusion
energy loss from the system to the surrounding is that the ratio of double hops to single hops will
of the order of kT or larger. Kramers’ theory for have an Arrhenius form. The added activation
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Fig. 10. The numerically computed second moment of the energy transfer distribution is plotted versus the prediction of Eq. (35)
using the value of the energy loss parameter ¢ obtained from the Arrhenius plot of the hopping ratio. The solid line has unit slope.

energy is directly related to the average energy loss
of the particle to the bath as it traverses from one
barrier to the next. This result was found to be
correct for one- and two-dimensional surface
diffusion. The prefactor of the hopping ratio is
determined by the energy loss, and leads to a VT
dependence, as found also by Jacobsen et al. [2].

An analysis of the experiments of Linderoth
et al. [1] has been presented. Using only two
parameters (the activation energy and the energy
loss) we find that their results are consistent with
the one-dimensional Kramers theory provided that
the activation energy is somewhat higher than
obtained by their fitting procedure, which is based
on three parameters (the prefactor for the rate,
the activation energy and the ratio of double hops
to single hops). Increasing the activation energy,
causes the prefactor to increase and only then
gives a frequency which agrees well with the esti-
mate based on the geometrical structure of the
surface. This change was found to be consistent
within the error bars of the experiment. The use
of Kramers’ theory also gives the probability for
hops of length greater than two, since the distribu-

tion is determined by a single parameter: the
reduced energy loss 6. We found that the experi-
ment implies a somewhat larger probability for
hops of length three and longer than concluded
by Linderoth et al. [1].

A study of two-dimensional diffusion showed
that the hopping ratio depends on the coupling
between the two modes. Stronger coupling leads
to a larger energy loss, a larger activation energy
and thus a smaller multiple hopping probability.
A numerical study of the energy loss distribution
shows that the Gaussian energy transfer prob-
ability kernel, which lies at the heart of the theory,
is a good approximation to the true distribution.

The parameter range studied is the typical one
found in the experiments. That is, the reduced
friction parameter is ~1072? and the reduced
energy loss is in the range of 1-20. For this
parameter range, Kramers’ theory is satisfactory.
Jacobsen et al. [2] studied the double to single
hopping ratio over a very large range of temper-
atures. Their prefactor, when taken over such a
large range, differs from the one predicted by the
Kramers theory by roughly a factor of two.



However, when taken over the characteristic exper-
imental energy range the expression used in this
paper fits their numerical results rather well. We
note that, in principle, the energy loss is not
completely temperature independent, since it is the
energy loss taken for a thermal distribution of the
perpendicular (stable) degrees of freedom.
Changing the temperature, changes this initial
distribution and may also slightly change the
energy loss. A more careful study of the energy
loss is needed to determine this added temperature
dependence. As noted though, within the typical
experimentally accessible temperature ranges, this
weak dependence is negligible.

Finally, the present study dealt exclusively with
large energy losses, such that the distribution of
particles at the barrier is thermal. If one reduces
the friction parameter considerably, the reduced
energy loss will become substantially less than
unity and then the average energy of escaping
particles is no longer thermal, but much smaller,
proportional to V6 [39]. At this smaller energy,
the particle is typically much closer to the barrier
top and so will spend a much longer time in the
interaction region before reaching the next barrier.
When the modes are strongly coupled, this added
time will increase the energy loss and it will reach
the two-dimensional limit where it is proportional
to 2. In this limit though, the hopping distribution
is no longer given by Eq. (1), i.e. the ratio of
double hops to single hops does not obey the
simple Arrhenius law. The smooth transition from
the large energy loss to the underdamped limit for
multidimensional surface diffusion has not been
studied in this paper and remains a challenge for
future work.
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