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Stability and Semilinear Evolution Equations
in Hilbert Space

HANSIORG KIELHOFER

Communicated by J. SERRIN

Introduction

In this paper we study semilinear evolution equations in Hilbert space.
Necessary and sufficient conditions in terms of the spectrum of the “linearized”
operator, which are quite analogous to known results for ordinary differential
equations, are proved for the Lyapunov-stability of the time independent
equilibrium solution zero. Moreover applications to parabolic initial-boundary
value problems are given for unbounded nonlinearities of polynomial and
analytical type. (For other stability results within the framework of the “C*-
theory”, see e.g. [1,2,15])

Finally the general theory is applied to the Navier-Stokes equations; the
results include, in particular, a stability theorem of Propi [17] and an instability
theorem of SATTINGER [19]. Whereas our improvement of PRODI’s result consists
only of a stability estimate in a stronger norm, and thus can be considered a
technical improvement, our instability result (Theorem 1.5) settles a central
problem, namely the existence of strict solutions whose initial conditions have
arbitrarily small L,-norm, but which eventually leave a certain fixed L,-neigh-
bourhood of the rest solution.

To prove our functional analytic results, we use mainly the theory of semi-
groups and fractional powers of operators (cf. SoBoLEvskH [20]). In order to
characterize those nonlinearities to which the general theorems apply, the theory
of interpolation is a main tool (cf. LIONS-MAGENES [14]).

1. Main Results

Let E be a real Hilbert space with scalar product ( , ) and norm || ||. By A
we denote a selfadjoint and positive definite operator in E, with 4~ assumed
to be compact. Moreover M will mean a linear operator in E satisfying the
conditions
@) D(M)>D(4%) for some Be[0,1),

IMullSc |4 ull,  ueD(4’),

where D denotes the domain of definition. {¢,, ¢,, ¢;, ... are some fixed positive
constants.) In the following we set A=A+ M.
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The semilinear autonomous evolution equation studied in this paper is of
the form
du

(1.2) i —~Au+F(u),

where F is some nonlinear operator having the following property:

(1.3) The composite operator R=A""cFoA4~% (for some a,,a,e[0, 1) such
that 0<a,+a,<1) is everywhere defined in E, and is completely continuous,
and either

(i) R is locally Holder-continuous, that is,
|R(u)—R@)| Sc,(d) [u—v|* for some ae(0, 1] and for all julf, |v|| =d, or

(i) R{u)e D(A4°) for all ueE, and the composite mapping A°oR is continuous
in E for some fixed ¢€(0, 1).

Under these assumptions one can guarantee the existence of a local solution of the
equation

d
(1.4) EA‘“‘uz——A‘“"”u—A‘“lMu+A“"‘F(u),

where d/dt denotes strong differentiation in E.

The solvability of (1.2) is included as the special case «, =0. When o, >0,
(1.4) can be transformed into (1.2), provided a weaker notion of differentiation
is used (for a detailed discussion, see [10]).

If E is finite-dimensional and ||F(u)|=o(||ul|), then the real parts of the
eigenvalues of A completely determine the stability of the trivial solution u=0.
This result can be generalized to infinite-dimensional spaces, even if the non-
linearity F is unbounded.

Since stability depends on the chosen topology as well as on the notion of
a solution of (1.4), we shall require some definitions in order to make our later
results precise.

We assume that max(f, «,)<1—a,, and fix an a satisfying
(1.5) max(f, a,)Sa<l—a.

Definition 1.1. A map u: [0, T)— E is called a strict solution of (1.4) in (0, T)
if it satisfies the following conditions:

(i) ue C([0, T), D(A%),

(i) A=**ueD(A) for te(0, T) and A'~*ue C((0, T), E),

(iii) A= ueC'((0, T), E),

(iv) u solves (1.4)1in (0, T).
(The notion of a strict solution was introduced in [9]; we remark that our

Definition 1.1 as well as the following one and Theorem 1.3 depend on the
chosen a satisfying (1.5).)

Definition 1.2. The solution u,=0 of (1.4) is called stable in the topology
of some Banach space if for every neighbourhood U of u, there exists a neigh-
bourhood V of u, such that every strict solution u of (1.4) with u(0)e V' stays
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in U for all te[0, max) here [0, T,,,,) denotes the maximal interval of existence
of the strict solution u in the sense of Theorem 1.3.

The trivial solution u, =0 is called asymptotically stable if it is stable according
to the first part of this definition and if also u(0)e V implies tTliTm u(t)=0.

max

The trivial solution u,=0 is called unstable if it is not stable.
For the statement of instability (Theorem 1.5) we need the following existence
theorem.

Theorem 1.3. If u(0)e D(A4%), where o satisfies (1.5), thén (1.4) has a strict
solution in some non-empty interval (0, T, ,.). If T, , < 0, then hm IIA“u(t)H-

max

Theorem 14. Let =31, a,=0, and |R(u)|=o0(|ul). If every point of the
spectrum of A has a positive real part (Re 6(A)>0), then the solution u,=0 of
(1.2) is asymptotically stable in the topology of D(A%), where o satisfies (1.5).
Moreover, if | A*u(0)|| <d(e) we have

(1.6) [A*u@)lSee™®, tel0, ),

for some valu~e 5(¢). The value b>0 is determined by the spectrum of A, namely
0<b<Rea(A). (Such a value b exists in view of Lemma 2.1 and Corollary 2.2.)

Theorem 1.5. Let f<1, a,=0, and |RW)l|=0(||ull). If there exists a point
of the spectrum of A with negative real part, then the solution u,=0 of (1.2) is
unstable in the topology of E.

Thus there exists an ¢,>0 such that in every neighbourhood of u,=0 in
E we can find an initial condition and a corresponding strict solution of (1.2)
such that [lu(t,)l >¢, for at least one t,e[0, T,,,).

Theorems 1.4 and 1.5 are generalizations of the results in [12] where they
are formulated and proved for the special case of the Navier-Stokes equations.

2. Proofs of the Stability Results
In this section we prove Theorems 1.4 and 1.5; the proof of Theorem 1.3
can be found in [11] or [10]. We always assume <1, a, =0, and | R(w)|| =o(||ul).

Lemma 2.1 (Probi [17]; for proof, see also [12], Lemma 3.9). (i) A=A+ M
(where D(A)=D(4)) is a closed operator in E.

@) If —Reu+-—— e (Im 1)* —c2 >0, then y is in the resolvent set P(A) of A and
1 1 ~ %
A= D 15 - (~Re ot oy (m P =7
1 1
(¢, is determined by (1.1)).
(iii) If —Repu+1(ct~c?)>0, then p lies in P(A) and

I(A—uD)" Y S(—Re p+3(cd—c)!

where ¢, is any real constant such that c,||uf| < || A* ull.

(In order to formulate this and the following Lemmata the real Hilbert
space E is made complex in the natural way and the real operator A is defined
in the complex space by linear continuation.)
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Corollary 2.2. The spectrum a(A) of A consists of eigenvalues having finite
multiplicities, with infinity as their only possible cluster point.

The proof is similar to that of Corollary 3.10 in [12], once we note the com-
pactness of A-* We omit the details. In view of Lemma 2.1, the proof of the
following result is the same as that of Lemma 3.11 in [12].

Lemma 2.3. Suppose that Re u>a>0 for all ueo(A). Then —A generates
a holomorphic semigroup e~4* in E such that

) e~ ullscy@e ul, 20,

(The real constant d can be chosen in the interval (0, a).)

@) |de - ulSc,(de e ul, t>0.

(Since A is real, we can restrict e~ to the real space E, the properties (i) and (ii)
still being valid.)

If all eigenvalues of A have positive real parts, then Lemma 2.3 allows us
to define fractional powers of A as follows (see [3, 20]):

R ——
_F(‘x)o
A*=(A~")7', D(A)=R(4A™),

e~ AtE-14r ¢>0,

.1)

where R(A~% denotes the range of A~* These operators have the following
properties (see [3, 20]):

() A* Au=A**"u, ueD(A**), a,720,
(i) A*e " u=e"4" 4%u, ueD(A%, t=0,
(ii)) |A* e~ u Scs(d)e "t ull, t>0,
(iv) |A*ull Scqllul~*[ Aul®, ueD(4), 0Sa<l.

(2.2)

Since M =0 satisfies condition (1.1) with any f, the operator A has the same
properties as A.

Lemma 2.4; Suppose that Re 6(A)>0. Then A* A~ is a bounded linear operator
in E when 0<a<y<1 or whena=y=1.

The proof is the same as that of Lemma 3.12 in [12]; note however that the
spectral representation of A* is here required.

For the following main proofs it is convenient to observe that the principal
assumption |R(u)||=o(ju|]) implies that there exists a convex function w in
C'(R) such that w(0)=w’(0)=0 and

23) IR @) = w([lull)
in a neighbourhood of the origin.

Proof of Theorem 1.4. Let u be a strict solution of (1.2) in its maximal interval
of existence (0, T,,,,). Then v= 4%u satisfies the integral equation

(2.4) o(t)=e 4 v(0)+ [ A7 =42 {~ MA~* 0(5)+ R(0(5)} ds.
(V]
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Since v is continuous on [0, T,,), in view of (1.1), (1.3), (1.5), and (2.2(iii)) (for A4
instead of A), the right hand integral surely exists. The fact that 4* is closed
allows us to commute integration with application of A* Moreover, since u
satisfies the relation i .
u(ty=e~ " u(0)+ [ e=**~ R(v(s)) ds,
0

we get a second integral equation for v, namely

(2.5) v(f) =A%~ A~*p(0)+ fA"‘ e~ A= R(v(s) ds, te, T,,,).

0
For the existence of the integral in (2.5) one needs the estimate
26) 4% e= M ul e (@ e =, >0,
which can be shown as follows.
4% e~ % ul Scg e~ ul' = A e~ Atul*  ((22(iv)) for A)
Scglle™*u|'~*|Ade " u|* (by Lemma24, a=y=1);

(2.6) is now a consequence of the estimates of Lemma 2.3.

In the following we set w~(t)=e”' v(t), where b is a fixed constant in the open
interval 0<b<d<a<Re o(A). The relation (2.4) leads to the estimate (see (1.1),

(2:2(ii)) ,
WOl e~ o)) +cq 05 e~ -9 5=« {|lw(s)]| + e | R(v(s)] } ds.

By the assumptions on R and w (see (2.3)) we have

& |RE)|2e” o(lo@l) 2w (o)) e v(s)| < o (lws)) Iws)l,
which gives in turn

Iw@ll < e=“="" ()|

@7 +e, 05 =49 == {w()] + & (lwS) Iw(s)]} ds.

From (2.5) and (2.6) we have
(28) lwlScoe " v (0)] +C7§t€““"b"""(t—8)‘“ o' (Ilw(s)) Iw(s)l ds
0

for te(0, T,,.x). By (2.7) there exist constants 7,>0 and g, >0 such that for every e,
0<e<e,, v(0)] £0,(e)=¢/3 implies

(2.9) Iw@lise, tel0, 7).

70
We choose 7, and ¢, so small that ¢, § =@~ 5 *ds<] and o'(¢;)<1. Thus
0

the set I, ={t|te[0,7,), |w(s)|=e for se[0,¢]} is closed and open in [0, 1,].
(The existence of w up to the fixed value 7, is guaranteed by Theorem 1.3.)
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For t>1,, we see from (2.8) that

t
W@ £ cqy 0O +¢, [ e @D —s)*w'(lw(s)]]) Iw(s)] ds.
0
Moreover, by (2.3) there exists a constant ¢, >0 such that
e o)
;) efe U s ds<te
0

for all ¢, 0<e=<e,. Thus, if |v(0)]| £6,(e)=¢/2¢,,, the set
IL={tlte[1y, Tnax)s IW(s)I e for se[0, ¢]}

is closed and open in [, Thax)-
Now suppose 0<e<min(e,,¢,). Then I,=[1,, T,,,,) and ||v(0)|| <min(d,(e), 5, ())
implies

(2.10) Iwll e, te[0, Toe)-

By Theorem 1.3 we get T,,,,=o0 and (2.10) gives us (1.6) with 0 <e<min(g,, ¢,)
and $=min(d,, §,).

Proof of Theorem 1.5. We assume that the solution u,=0 of (1.2) is stable
in E and that there are eigenvalues of A with negative real part. By Lemma 2.1
and Corollary 2.2 there are only a finite number of such eigenvalues and also
at most a finite number of eigenvalues with vanishing real part. Let P be the
projection corresponding to the “nonpositive” part ¢_(A) and let Q=1-P
be the projection corresponding to the “positive” part o, (4) of the spectrum
of A. Let A, and A, be the parts of 4 corresponding to the direct sum E=PE®QE.
Then o(A4,)=0_(A) and ¢(4,)=0, (4) (see Theorem 6.17 in [8], p. 178).

By Lemma 2.3, — 4, generates a holomorphic semigroup in QE with the
properties listed there. Therefore fractional powers of 4, with the properties
(2.2) can be defined in QF, and, according to a slightly modified version of
Lemma 2.4, A* 45" is a bounded operator from QF into E if 0Sa<y<1. Since
PE is finite-dimensional, every linear operator defined on PE is a bounded
operator.

Now let u be a strict solution of (1.2) in [0, T, , ) with @ u(0)=0 (which exists
by Theorem 1.3). Then we have

%pu(t)= — A, Pu(t)+ PF(u(t))
(211) d .
—dTQ”(t)z —A,Qu()+ QF (u(r)).

Again setting v=A"u, we get
Qu()= jje'jz“"s) QR(v(s)) ds,
and for a<y<1 °
A3 0 u(t)=0jt/f§ e~ 129 gR(u(s)ds, te[0, T,,).

12 Arch. Rat. Mech. Anal,, Vol. 57
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(This relation implies that Qu(t)eD(4}).) We define w= A} Qu; by the con-
tinuity of R(v) and the dominating estimate for the integrand (see (2.2(iii)) for 4,)
it can be shown that w is continuous in [0, T, ,,) (see [11]). Using the convexity
of w, the boundedness of A* on PE, and the boundedness of 4% A5, we get the
following estimates:

lw®ll ¢y, jre““’“)(t—s)“y | R(A* Pu(s)+ A* A5 7 w(s))| ds
0
(2.12) éclzg eI —5)"" w(eys | Pu@)l +cpq lw(s)l) ds

§F(t)+%c12§te"’"“)(t—s)_y o(2c,4 Iw(s)ll) ds,

where .

F)=%c, et —9)77 w(2c,5 | Pu(s)ll) ds.
(o]
(Here d is determined by the “positive” spectrum of 4,, namely 0<d<Rea(4,).)
Because of the assumed stability of u,=0 in E, we have

2.13) |Pu(t)|<e, te[0,T,,), whenever [u(0)] <d(e),

for some suitable d(¢). In the course of the proof we shall place certain further
restrictions on &.

Next we claim that there is an g, >0 such that
(2.14) Iwl =2F(@), tel0, T,
whenever ¢<¢,. To prove this, define
I, ={t|te[0, T_,), Iw(s)| S2F(t) for se[0, t1}.

For tel, we get the following estimates, using (2.12), (2.13), and the properties
of R (see (2.3)): ,
Iw@I SF()+2c¢,, ¢14 €15 ' (deyy F(0)) F(2),

F()Eic, ¢5 0(2¢y58),

where ¢,s= [e~%*s77ds. Again by the properties of w, {w(t)ll <2F(t) when-
0

ever 0<g=<g,, which shows that I, is closed and open in [0, T,,), hence
1, =[0, T,., ). Inequalities (2.14) and (2.13) imply that A* Qu=A* A; " w is bounded
and therefore that A*u is bounded in E on [0, T,,,,). Thus T,,,, = o0 by Theorem 1.3.

The projection PE is n-dimensional. Moreover to every positive # there
exists an isomorphism j: PE—C" (PE is made complex in the natural way)
such that the matrix of j 4, j~ ' = B(relative to the canonical base of €")is triangular,
with the eigenvalues of A, in the main diagonal and with its below diagonal
elements b, (i <k) satisfying

Y by xi X Snlx]?,  xeC

i<k

here |x|*= Y |x;|?, x=(x,, ..., x,) (cf. [18], p. 31T.).
i=1
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Denote the eigenvalues of A, with negative real parts by 4,, ..., 4, and those
with vanishing real parts by 4, ,,, ..., 4,. Then Re4,< —¢<0, i=1, ..., k. Choos-
ing n=gq/8 and setting j P u=x, we obtain by (2.11)

dx ,
VT —Bx+jPR(v)

L. (lfu - 3 )

=1 i=k+1

k n
;%q.z |xi|2 _%q. Z |xi|2 —Cy6 w(c17 [x]) [x] —Ci6 w(4c14 F(t)) x|
(by the convexity of w and (2.14))

k n
z%qz [xilz—éq’ Z [%,12 =1 €17 @' (c1g €) |X]* — €46 ofdcy, F(t)) x|

I
-
I
=~
+
-

(by (2.13) and the monotonicity of ')
k n
23qY el —1q 3 %P e olde, FO) I,

whenever ¢4 ¢,; 0 (c,5 €)= q/8. Because of the properties of w’ this inequality
is satisfied for all ¢, satisfying 0 <e<¢, <¢,, for a suitable constant ¢,. In the
following we restrict ¢ to the interval (0, ¢,].

Setting
gO)=Fc, IxO7 e (t—s)"" (e, Ix(s)) ds,  x(0)*0,
0

we find that F(t)<g(t)|x(¢)| in a positive neighbourhood of t=0. Therefore

1 d/& " k
D dt ( Z |x;|* — Z |xi'2) g(%q—cw w’(cyq g(1) S)g(t))jz: |x;]?

i=1 i=k+1

“(%q +c16 @' (€19 2(1) €) g(t))_ Z |xi|2’
where again (2.13) is used. =

Since g is continuous and g(0)=0, the interval

L={tlc,s o'(c o g(s) ) g(s)< g/4 for se[0, 1]}

is closed. It follows that

&l&

s (Zwr- 3 wp)zta(Sme- £ ),

i=1 i=k+1 i=k+1
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that is,

n

k
Ix(OPz Y Ix,(0) ~ ; Ix; ()
i=1 i=k+1

(2.15) 5 )
2(YOP- ¥ OF)e o,

i=1 i=k+1
The initial condition is chosen so that (2.13) is satisfied and

k

Z lxi(0)|2 - Z lxi(0)|2 =a(2) >0.
i=1 i=k+1

This implies that |x(s)| strictly increases on I, and that g(s)<3¢,,¢,5¢,, (¢, 48)

on I,. Hence for a suitable constant ¢, <& <¢, we have

Ci6 w,(cw g(s) 8) g(s)<q/4 onl,,

whenever 0 <e<e,. Thus I, is also open. It follows that I, =0, c0). But then
(2.15) contradicts the assumed stability of u,=0 in E, since the initial data in
PE can be chosen arbitrarily small.

3. Applications

Let Q<IR” be a bounded domain whose boundary 0Q is a smooth n—1-
dimensional manifold, and let 4 be a strongly elliptic, formally self-adjoint
differential operator of order 2p. The coefficients of 4 are smooth r x r-matrices
on Q, and the operator 4 acts on vector-valued functions u. As an operator
in E=Hy(Q)=L,(Q), it is assumed to be self-adjoint and positive definite, and
its domain of definition is assumed to satisfy

(3.1) D(A)=H, ()

where the embedding is continuous. By Rellich’s embedding theorem, (3.1)
implies that 47! is compact in H,(€Q).

As a special case, we consider operators A with domain of definition
D(A)=H2P(Q)mI-°Ip(Q), the restriction to ﬁp(Q) corresponding to zero data
Dirichlet boundary conditions. We suppose that A satisfies Garding’s inequality
in its strong form (which can be achieved by adding a suitable constant to A),
that is, .

Bmzclull, ueH,(Q),

where B is the bilinear form generated by A and ¢ a positive constant. The
inclusion (3.1) then follows from standard estimates for elliptic Dirichlet problems.
{(We remark that more general homogeneous boundary conditions could also
be allowed.)

Let M be a linear differential operator (with continuous coefficients) of order
mZ p. Then the estimate
m
(3.2) IMullo=c, [l A° ull,, ~2—péﬁ,

is valid, where || ||, denotes the norm in H,(f2) (see (3.5) below).
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With the notation
u=@',...,u"), D,u=Dyu,...,D,u),
7l =max(y, ..., |y"]), and |y'|=Ilength of the multiindex 7',

we may state the next theorem.

Theorem 3.1. Let T: R"x --- xIR"—=IR” be a k-linear map, where k satisfies

0<k(2p——2"-)+%.

k
If 3 |Wv||<k(2p—-g»)+%, 0|y, Il <2p, then there exist exponents o,

v=1

0<a, <1, such that
I T(Dyl Wysonns Dyk ulloScrollA uylly ... 1A% wll,

for u,eD(A™), v=1, ..., k.
In particular, if N,={v]2p—|y,lI>n/2}, N,={2p—Iy,lISn/2}, the expo-
nents o, ve N,, are determined by

(3.3) (k—l)‘;—§2p{ Yooyt 2 (=0 ={ Y Anli+ Y (1=0,) 1y}
veN veN, veN, veNy

where 8, are some constants chosen in the open interval (0, 1), and the o, for ve N,
are determined by

(3.4) -8, (1— ”2“”

>§ocv<1.
p

Proof. We shall use the theory of interpolation spaces as presented in [14].
Here we follow the notation in [14], replacing the spaces H (£2) and L,(2) by
their r-fold Cartesian product. The proof will be given in three steps.

(1) The space H () for real s is defined as the interpolation space (or inter-
mediate space) between H,,(€2) and H,(Q): thus

H(Q)=[H,(Q), H,(Q)], with(1-0)m=s, meN, 0e(0,1).
We first show that
(3.5) D(A%)c H (), Tsp—gag 1.
(Here and in the following, inclusion denotes a continuous embedding.) In fact,

for s=2p, a=1, (3.5) is exactly the assumption (3.1). For s=2p(1—0), 0¢(0, 1),
we apply the “Interpolation-Theorem” 1.5.1 in [14] to obtain

ide £(D(A), H, () L (H,(2), Hy ().

H
ence ide Z(LD(A), Ho (@), [H, (@), Hy(@)],) = £(D(4'~%), H,())

where Theorem 1.6.1 in [14] has been used (£ (E, F) denotes the space of bounded
linear operators from E into F). Since D(A%)c= D(A'~% for 1 —0=<a, (3.5) is proved.
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{2) Next we claim that

D, e(D(4™), L, (2)) for some t,>2
with
2
(36) “;?;” +an. (1_T)§a”<l forveN,,
o (1o
-0,11— 2p ga,< for veN,
where 0,e(0, 1) and ¢, satisfy
1 1-6, 0, 2n

+—=, ¢S———".
t, 4, 2 n—=22p—lv\)

Let ve N, . By the fact that a function in H () can be extended to a function in
H (IR") and that this extension is continuous as an operator from H (Q) to H_(R")
(see [14], § 1.9.1), we can use Sobolev’s embedding theorem for the interpolation
spaces. Applying Theorem 8.1 in [16] yields

2n
< i
H(@Q)<L/(Q) for < — s< 5

This implies D, € Z(H, (@), L, (2)) with
2n
n—2(s— {7,
or, according to (3.5), D, e £(D(4™), L, (Q)) with

iyl | m ( 2) s
Y —_— == 1.
2p +4p t “2p‘“a“<

Now let ve N,. By (3.5) we have D, e Z(D(A%), Hy(Q)) with B,=|y,l/2p; by

(3.1) and Sobolev’s “usnal” embedding theorem we get

n
t , s—|lyvll<7<2p—l|vvll,

7N

vy

v

.
n—=2Q2p—{v.I)°

Application of the “Interpolation-Theorem” then yields
D, e Z([D(A), D(A%)],,, [L,,(Q), L,(D)]s,)-
In [13], Theorem 4.1, it is shown that

D, e#(D(4),L, (@) with 2<q,<

1-6, ,

+T.
Since D(A™)<=[D(A), D(4%)],, for 1-0,(1—B,)=<a, (see [14], Theorem 1.6.1), the
relations (3.6) are proved.
3) By the k-linearity of T and Hélder’s inequality we get

[L,, (), L, ()], =L, (Q) with %:

v v

ITD,, 45 ... Dy wdlloS 30 ID,, 1 lr, oy Dy el ey
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with Y —=1. If there are numbers «,, 6,&(0, 1) such that
v=1

2
tV

z (1-2 @~ 1)+ 3 [0-0) (1=2-@2p=1n) +0,] 51

veNz

(this being equivalent to (3.3)), we can find some ¢,>2 satisfying the conditions
k

of 3.6) and ) %= 1. Then (3.6) completes the proof, since by the assumption

v=1 "v
k

(k— 1)—'21—<2pk— Y. |7/l the condition (3.3) can be fulfilled for some «,, 8,e(0, 1).
v=1
Example. Suppose n=3, p=1, k=2, |y, =0, |y,ll=1. For §,=% we find by
(3.3) and (3.4) that o, =3, a,=2. For 6,=3 we get a,=a,=3. The estimate
[(u-P)uly<c,, A ullyl|A*ujl, (r=n=3) can be found in the paper of KaTo &
Funra [9].

If the nonlinear operator F is of the form
Fu)=T(D,u,,..., D, u)
as in Theorem 3.1 (or a sum of such multilinear terms), then the evolution equation

3.7 ditu=—fiu+F(u), A=A+M,
in the Hilbert space E = H,(Q) fits into the framework of the first section, and for
k=2 the stability theorems stated there are valid for equation (3.7).

If we take E=] (Q)={ueHy(Q),divu=0,u,,,=0} (s, denotes the normal
component of u on the boundary), Q<R3 A= — P4, where P: H,(Q)—-1(Q)
denotes the orthogonal projector, and consider the operator Mu=M(@v)u=
P((v-V)u+(u-V)v) with some stationary (smooth) solution v of the Navier-
Stokes equations, then we obtain existence and stability results for the equation

(3.8) ditu= ~Au—P((u - V)u),
the Navier-Stokes system written as an evolution equation in E=1(Q). In parti-
cular, we get stability results for v in the topology of D(4% with 3 S« < 1, provided
Re o(A)>0. For details we refer to [12].

ProbI [17] proved the stability of v in the topology of D(4?), Iooss [7] in the
topology of D(A), and SATTINGER [19] in the topology of E. (Of course, the classes
of solutions considered by these authors differ from ours.)

We next show that PRODI’S stability result for the Navier-Stokes equation (3.8)
is a consequence of our result. Let # be a solution of (3.8) in the sense of ProDI.
Then u solves the following integral equation in E = I(Q):

u(t)=e~4u(0)+ fe~ 409 {— Mu(s)+ F(u(s)} ds



162 H. KIELHOFER

with u(0)e D(4?), F(u)= — P((u - V)u). Here we use the identity
H, (Q)=clyp {we CT(Q), divu=0}=D(4)
(see [9], [12]). Since u(ty)e D(A4)= H,(Q) N F’IL ) for t,>0, the integral equation

t
v(t)=e A u o)+ fe A9 { — Mo(s)+ Fv(s))} ds
to
has a strict solution ve C([t,, T,,,,), D(A%) for some fixed &, §<a<1. By the un-
iqueness of PRODI's solution, » must coincide with u for te[ty, T,,,). Since t,>0
can be chosen arbitrarily small and T,,, does not depend on it, we have
ue C((0, Typy), DIA).
In the following argument we fix an « in the interval (3, 3). Then for t>0 we
get the estimate

39 |4 u@le=2%| A*u(d)l]o +Ca3 g (£~ {l A% u($)lo + | A ()G} ds

where we used (3.2) for B=a.

1—-a

3 T
If we define T by the equation B, T~ 2*+ N

—=1/2,3, B, =Bl ~%3-0)

(B=the Beta function) we show that

(3.10) Ao <t~ + 1) A*u(0)), for te(0, T],
whenever

1
3.1y ((A%u(O)((0<E (B2 T2-3a

1—a\~1

1%) . B,=B(l—u,2-20),

is satisfied. In fact, in view of the continuity of 4%u, the set
I={te(0, T1{(3.10) holds for se(0, t]}

is closed in (0, T]. For te! (3.9) and (3.10) yield

JA*u(@lo =2 A2 uO)llg +c23 of (t—s)"*(s**+ D ds | A2 u Ol

+2¢,, f(t—-s)'“(s““+ 1)ds|| A% u(0))?
0

<@+ 1)1 4*uO)ll,

by the assumptions on T and || A* u(0)),. This shows that I is also open in (0, T,
and hence I=(0, TT1. Thus Theorem 1.3 guarantees the existence of u in (0, T).
Consequently T < T, whenever (3.11) is satisfied. Applying (3.10) we get

(3.12) A u(t)p S cyq(lAFuO)llo + 1| A u(O)F), [0, T,

whenever (3.11) is satisfied.
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Now suppose Re 6(4)>0 and let £>0 be arbitrary. Then by Theorem 1.4 we
have

(3.13) [A*u(t)|,See D for te[T, ),

whenever | A*u(T)|,<d(e). Because of (3.10) and (3.11) || A*u(T)ll, <d(e) is im-
plied by [|4%u(0)||, <&, (¢) for some sufficiently small §,(g). Finally, by (3.12), we
have

(3.14) |A*u(t)|,<e for te[0, T],

whenever | A¥u(0)[, <8, (e). (3.13) and (3.14) mean asymptotic stability in D(4?);
by (3.13) we even have a stronger result for te[ T, co).

SATTINGER’S stability result (see [19]) is not included in Theorem 1.4, since he
considers weak solutions of Hopf-type. It is still an open problem whether these
solutions coincide with strict solutions. On the other hand, Theorem 1.5 includes
the instability result in [19], since we show (in the case of eigenvalues of 4 with
negative real parts) the existence of strict solutions of (3.8) whose initial conditions
have arbitrary small L,-norm, but which leave a certain fixed L,-neighbourhood
of the solution u, =0 for at least one value ¢, in their maximal interval of existence.

The estimate (1.6) and the continuous embeddings D(4%)<= H(Q) for s/2p=<a
and H (Q)<= C°(Q) for s>n/2 (see (3.5) and [14], Theorem 1.9.8) give

sup lu(t, x)|Sce
xef

whenever | A*u(0)|,<d(e) and n/4p<a<1. In the case n=3, p=1 we therefore
have uniform stability for 3 <a<1.

Since we consider only zero boundary conditions, we have
H,,(@<D(A),

which by the “Interpolation-Theorem " yields
o 1
(3.15) H,(Q)cD(4), cx§%, s+integer +—-

(see [14], Theorem 1.11.6). The conditions u(0)e D(4%) and || A*u(0)||, < (e} can
therefore be replaced by u (O)EHS(Q) and [|#(0)|, < '(e), where s is defined by (3.15),
and §'(e)=c, 5 d(c), where c, 5 | A% ully < ||ul,.

Another example is the following: It is known that the Hilbert space E=D(A)=
H,,(@)nH,(®) (for r=1) is a Banach algebra for p>n/4, ie. |uv] Sc,qlull |v]
(see e.g. [10]). Let us suppose that f'is a real analytic function on the real axis and
that f(0)=0. Then the nonlinear operator defined by F(u)(x)= f(u(x)) maps every
function in E onto a function of E. Moreover the operator F is locally Lipschitz-
continuous in E and it therefore fulfills (1.3(i)) with &=1. In this case we do not
require that R=F be compact because we can apply the contraction principle
without further difficulty. (The class of nonlinearities in E satisfying condition (1.3)
can be generalized as follows: if fe CZE*%(IR) and f(0)=0 then the operator F is
locally Holder-continuous in E with exponent & (see [10]). The compactness of
A~* for any «, >0 induces the compactness of R=F o 4~2)
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Let u, be a solution of the problem
Auy+e'°= in Q
u,=0 on 9Q

where @ < R", n<3. The existence and nonuniqueness of such solutions were
first studied by GEL'FAND [6]. We assume that uye H,(Q).

The question of the stability of u,, that is whether solutions of

—Z—:—=Av+e"

vloe=0, vl,_o=10q

converge to u, as t tends to infinity whenever v, is “close” to u,, can be answered
as follows, Setting v(t)=u,+u(t), we study the stability of the solution u=0
of the equation

du

VTS —Au+teute(e’—u—1)

in E=D(A), A= —A. (Since 2p=2>32n/2 we have sup|u(t, X)| < c,6 | u(®)ll piay»
xef

which shows that differentiation in E implies uniform classical differentiation

with respect to t.)
Let 4,>0 be the smallest eigenvalue of A= —A. Then the smallest eigen-
value of A= — A —e* (with D(4)=H,(Q)nH,(Q)) is positive provided

max uy(x)<log4,.
xed

By Theorem 1.4 this is a sufficient condition for the stability of u, in the topology
of D(A'**) for any a€[0, 1). On the other hand, if 4 has a negative eigenvalue,
then u, is unstable in the topology of D(A4) by Theorem L.5. A sufficient condition
for this to occur is

mi!r; gy (x)>log 4.

For a different and more refined approach to this problem, see Funta [4, 5].
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