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A B S T R A C T

For predicting the mechanical response of mis aligned short fibre composite materials a two step homogenization
procedure coupled with orientation averaging of the elastic material properties is often used. Orientation
averaging is not valid for long fibre composites due to non-symmetric strain localization tensors. A method to
homogenize the stress for mis aligned long fibre composites using the Functionally Graded Interphase (FGI)
approach is presented and the results are compared to two step Mori Tanaka homogenization. The micro-
structure of long fibre Sheet Moulding Compound (SMC) composite is evaluated using X-ray micro computed
tomography. The measured fibre orientation distributions are used to evaluate the number of representative
fibre orientations required to predict the stress state of the SMC due to applied strains. It is found that 60
orientations are required to capture the stress response of the long fibre SMC composite using the FGI model and
two step Mori Tanaka model.

1. Introduction

Sheet Moulding Compound (SMC) composites are compression
moulded thermosetting composites used in applications such as auto-
motive body panels and secondary structural components due to their
high specific strength, stiffness and low cost. SMC’s are more formable
than traditional laminated composite materials due to the suspension of
fibres in an uncured filled matrix material, which easily flows into
complex geometries. SMC’s exhibit anisotropy due to material flow and
fibre orientation evolution during the manufacturing process [1–5].
Fibre orientation distributions and orientation tensors have been in-
troduced by Advani and Tucker to describe the effects of fibre or-
ientation in short fibre composites on the overall material response [6].
The ability to accurately predict the mechanical response of SMC
composites is necessary to increase their use in automotive design for
crash critical components. Homogenization schemes are required to use
micromechanics data at the part scale in the virtual design space.

To predict the response of an SMC part, the position of the fibres
within the part is required. Experimental techniques such as optical

analysis and X-ray analysis have been used to evaluate the fibre or-
ientation in SMC parts [7]. X-ray Computed Tomography (CT) is the
state of the art for evaluating fibre orientation in regions of interest
[8–10]. X-ray CT allows the variation in fibre orientation and fibre
volume content to be evaluated over the materials thickness [8,9,1]. X-
ray CT has also been used to evaluate the void content and evolution of
SMC [11,1]. The accuracy of fibre orientation analysis has been im-
proved by Pinter et al. through the use of advanced filters and 3D image
derivatives [12] and is used herein to evaluate the fibre orientation.

Multi-scale modelling and homogenization are required to effi-
ciently simulate the response of materials from the known or assumed
fibre orientation [13]. Orientation averaging introduced by Advani and
Tucker [6] allows for the calculations of the elasticity tensor from the
symmetric fourth order fibre orientation tensor for materials with
symmetric elasticity tensors. In two step homogenization, the fibres in a
region of interest are categorized into a finite number of unique re-
presentative orientations referred to as pseudo grains. The response of
each pseudo grains is evaluated in the first homogenization step, the
second homogenization step combines the response of the pseudo
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grains to capture the overall response of the region of interest [14,15].

             

The first step often uses a Mori Tanaka type homogenization of the
pseudo grain, the second step uses the Voigt assumption which has been
shown to be valid for elasticity [16,14,15]. Lielens et al. [17] have
presented and compared alternate homogenization techniques for use
with two step homogenization. Buck et al. have also compared various
homogenization schemes to predict the elastic modulus of long fibre
composites using orientation tensors measured from CT analysis and
predicted by mould filling simulations to experimental results [18].
Two step homogenization typically use the fibre orientation distribu-
tion function recovered from the fibre orientation tensors of either
second or fourth order through the use of a closure approximation
[15,16,19]. Dray et al. have compared several closure approximations
for the fourth order orientation tensor on the effects on a two step
homogenization using the orientation tensor and the Mori Tanaka ap-
proach [20]. The two step homogenization technique has been ex-
tended to predict the first failure [16] and progressive failure [19] of
short fibre injection moulded thermoplastic composites.

The number of orientations considered in two step homogenization
has not been extensively studied. Several models consider 36 orienta-
tions in the X Y plane subdivided into 5° segments [16,19,21,6], how-
ever the use of this number of orientations on the results has not been
discussed. Nine pseudo grains are used by Ogierman and Kokot to de-
scribe the behaviour of composites, enabling the recovery of the second
or fourth order orientation tensor and stiffness tensors within a given
precision from a given second or fourth order orientation tensor [22]
for short fibre metal matrix composites with known fibre orientation
distributions. Doghri and Tinel have investigated the effect of the
number of pseudo grains on the yield and plastic response of short fibre
composites [15].

Most of the implementations of the two step homogenization pro-
cedure have been for short fibre composites. Notta-Cuvier et al. [21]
consider fibres with an aspect ratio of 15, Doghri and Tinel [15] use an
aspect ratio of 20, and Ogierman and Kokot [22] use an aspect ratio of
10 and 4. Lielens et al. [17] consider a fibre aspect ratio of 1000,
however consider the elastic tensor derived from orientation averaging
from the fourth order orientation tensor [6]. Modelling of long fibre
thermoplastics considering the orientation has been investigated in
[23,18]. The SMC being studied has a fibre length of 25.4mm the E
glass fibres used in SMC materials have diameters of 13.4 ± 0.96 μm
[24], the resulting aspect ratio of the individual fibres is approximately
2000 accounting for variation in fibre diameter. The fibres are con-
sidered to be infinitely long with respect to the region of interest as the
fibres are longer than the sample width used in the present study.
Homogenization of the stiffness tensor for infinitely long fibres results
in asymmetric stiffness tensors [25], which cannot be used in the or-
ientation averaging technique developed by Advani and Tucker [6], as
it is only valid for materials with symmetric effective stiffness tensors.

In this study the Functionally Graded Interphase (FGI) homo-
genization scheme developed in [26,27] is extended to include a finite
number of representative fibre orientations within a single unit cell.
The results of the FGI model are compared to the two step Mori Tanaka
[28,29] homogenization technique modified for long fibres. The two
step Mori Tanaka approach was chosen for comparison as it is com-
monly used for analyzing the mechanical response of misaligned fibre
composites. The strain in the matrix of the models is very different due
to the strain partitioning which is expected to have the largest effect on
the results predicted by the models. The FGI model allows for predic-
tion of stress and strain in the interphase which is expected to control
failure of SMC, which is not possible in the Mori Tanaka homogeniza-
tion scheme. The FGI model contains additional terms to modify the
effective fibre volume fraction of the composite allowing for additional
accuracy over the Mori Tanaka homogenization. The representative
fibre orientations are determined using the algorithm proposed by
Leopardi [30] where the unit sphere is subdivided into patches with
equal area. The fibre orientation distributions are calculated through

image analysis of X-ray Micro Computed Tomography (μCT) scan, as-
signing the orientation vector of each fibre voxel to one of the re-
presentative fibre orientations. To analyze the mechanical response of
the long fibre SMC, homogenization is completed on the stress to ac-
count for the contributions of all representative fibre orientations. The
convergence of the stress predicted by the homogenization schemes is
analyzed to determine the minimum number of representative fibre
orientations required to predict the response of long fibre SMC.

2. Method

2.1. Micro computed tomography and fibre orientation analysis

Three SMC samples are subjected to X-ray μCT fibre orientation
analysis. The samples are cut from a 457.2 mm by 254mm flat plaque
of consolidated SMC material, the sample size is 10mm by 80mm and
the nominal thickness is 3mm. The μCT analysis is conducted on the
centre of the specimens with a scan size of 9mm × 9mm. The sample
locations and labelling is given in Fig. 1. The region of interest in the
current study is the volume of material subjected to the μCT analysis.

The μCT images are acquired using an YXLON Precision computed
tomography with a comet transmission tube and a tungsten target. The
Perkin Elmer detector has a resolution of 2048 2048× pixels and a pixel
pitch of 0.2 mm. The scan size is limited due to the resolution of the
detector resulting in the 9mm square image region. Acceleration vol-
tage was set to 100 kV at a tube current of 0.04mA. The focus-detector-
distance is set to 745.19mm and the focus-object-distance to 20.26mm
this results in a resolution of approximately 5.4μm per voxel. 2400
radiographs are acquired to reconstruct the volumetric image I using
the YXLON built-in reconstruction algorithm.

In order to separate fibres and matrix material in the volumetric
images, a global grey value threshold is used. All grey values of I that
are lower than a threshold t are considered to represent matrix material,
while values larger or equal to t are defined as fibre voxels in a binary
image Ib.

I t I
I t I

: 0
: 1

b

b

< =
⩾ = (1)

There are many methods for the automatic determination of the
threshold t. Herein the IsoData method [31] (which is included in Im-
ageJ) is used to process the image.

The fibre orientation analysis is carried out on I, but only the fibre
voxels in Ib=1 are taken into account for the orientation analysis. In
order to derive an orientation for each voxel of the image in 3D, a
method based on the structure tensor is used [32]. This algorithm is
based on the first derivative of the image and takes the local neigh-
bourhood of each point into account to estimate the fibre orientation.
This method is very robust and also applicable on low contrast or noisy
images [12]. The program results in a vector valued image where every

Fig. 1. Sample location and global coordinate orientation on the 457.2 mm by
254mm plaque with 80mm by 10mm samples.
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normalized vector represents the local orientation. Fig. 2 shows the

             

result of an orientation analysis on sample one coded by colour in 3D.
The orientation analysis looks the same for samples two and three, thus
they are not included.

The unit sphere is subdivided into rectangular patches of equal area
in spherical coordinates using the method introduced by Leopardi [30].
Other approaches for partitioning spheres such as hexagonal patches or
a subdividing by equal distant lines over the longitude and latitude
have been considered. However these methods do not generate parti-
tions of equal area. Using hexagons, it is also possible that some areas
are redundant as only one half of the sphere has to be taken into ac-
count. For this reason, the method of Leopardi was considered to be the
best method for the problem at hand. The equal sized partitions avoid
the need for further statistics as the probability that a certain vector is
assigned to an orientation within the histogram is different for each
orientation if the patches have different areas. Only half of the unit
sphere is considered due to the symmetry of the distribution function.
The number of orientations can be freely chosen, however there are
restrictions that need to be considered. For three-dimensional orienta-
tion distributions, at least three orientations have to be considered on
the half sphere, otherwise it will be a two-dimensional distribution.
Furthermore, the number of orientations should be chosen in a way that
centre points of one layer of patches end up in the X-Y plane, otherwise
there is a bias in the results due to fibres being inclined at an angle
above the plane (see Fig. 3b). This effect is very high for small numbers
of orientations while it reduces for higher numbers of orientations (see
Fig. 3c). The orientation distribution functions produced by this method

are represented as polar plot histograms in Appendix A for the chosen
number of orientations.

2.2. Modelling

To incorporate fibre orientation, the region of interest is subdivided
into a number n( ) of representative fibre orientations each with a un-
ique orientation from Leopardi’s algorithm [30]. In the FGI model the
region of interest is represented by a volume consisting of n re-
presentative fibres, each surrounded by interphase matrix, the re-
mainder of the material is considered the bulk matrix. The volume of
each representative fibre depends on the volume fraction of fibres
identified in the image analysis of the μCT scan. In the FGI model the
strain applied to the unit cell is projected on each representative fibre
orientation to calculate the strain localization and stress in each re-
presentative fibre and associated interphase. In the two step homo-
genization, the region of interest is represented by n pseudo grains. A
pseudo grain consists of a volume of fibres aligned in the directions
identified by Leopardi’s algorithm and a volume of matrix material, the
volume fraction of each material is equivalent to that of the composite
for all of the pseudo grains. The strain in the fibres and matrix material
of each pseudo grain is calculated assuming that each pseudo grain
undergoes the same strain. The volumetrically averaged stress is cal-
culated for both models and compared.

Using Leopardi’s algorithm the fibre volume fraction of each fibre
orientation v( )f i( ) is calculated from the proportion of fibre voxels
(Ib =1) whose orientation vector is within the boundaries of a patch.
The summation of each representative fibre volume fraction is
equivalent to the fibre volume content in the region of interest

v v .f
i

n

f i
1

( )∑=
= (2)

2.2.1. FGI model
The FGI model developed in [26,27] modifies the effective fibre

volume content through the volumetric integration of the interphase
function. The integration allows a complex stress profile to be re-
presented as a number of distinct regions enabling much quicker cal-
culation of the resultant stress. The FGI model subdivides the de-
formation of a composite with aligned fibres into three regions; the bulk
matrix, the interphase matrix, and the representative fibre. The strains
and stresses within each of the three regions is constant for an applied
deformation. The representative fibre strain is calculated using
Eshelby’s strain localization tensor from the bulk matrix strain. Volu-
metric compatibility of the three regions is used to calculate the de-
formation in the interphase matrix through the compatibility of the
three region’s displacement gradients.

Fig. 2. 3D view of the orientation analysis on sample one. Every voxel is coded
with a colour for a certain orientation while the matrix of the sample is
transparent. The in-plane edge length of the sample is 9mm. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article).

(a) Three Partitions (b) Five Partions (c) 75 Partitions

Fig. 3. Partitions of the sphere created with theMATLAB tool of Leopardi [30]. Note that three partitions has centre points in the equator plane, five and 75 partitions
do not have centre points in the equator plane.
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The coordinate systems for a single representative fibre are shown

             

in Fig. 4. To define stress as a function of position in cylindrical co-
ordinates in the local fibre coordinate system an angle η( ) normal to the
x1 axis of the local fibre coordinate system is defined. A quartic inter-
phase function is used to represent the stress r η(Σ( , )) as a function of
position around each oriented representative fibre as

r η m r mlr mkr lr

kr r
m lr mlkr m kr lr klr kr r

l kr mk lr l kr lk r r ml k r

lr l kr l k r k l r k lr kr

Σ( , ) [(Σ Σ )((16 8) (32 32 18

14 )
(16 ( ) 64 16 ( ) 11( ) 32 5( ) )

(32 32 22 10 ) 16 )

Σ (( ) 4 5 ) Σ (11 4 ( ) )]

l k rf i
rf i η bm η f i f i f i

f i

f i f i f i f i f i f i

f i f i f i f i f i

rf i η f i f i f i bm η f i f i f i

1
(( ) ( ) )4 ( , ) ( ) 4 ( ) ( ) ( )

( ) 3

( ) 2
( )

2 ( ) 2 ( ) 2
( )

2 ( ) 2 2

2
( )

3 2
( )

3 2
( )

3 2
( )

3 2 2
( )

4

( , ) ( ) 4 3
( )

4 2 2
( )

4 ( ) 2 2
( )

4 3
( )

4 ( ) 4

= − − − + −

−
+ + + − − −

− + − − + +

− − + − +

−

(3)

where Σrf i η( , ), and Σbm η( ) are the stresses as a function of angular position
in the representative fibre and the bulk matrix around the x1 axis of the
local fibre coordinate system, k l, , and m are material paring parameters
introduced in [27], r is the radial position about x1, and rf i( ) is the radius
of the representative fibre for the orientation. The representative fibre
radius for the orientation is calculated assuming that the fibre area
fraction A( )f i( ) is equivalent to the fibre volume fraction v( )f i( ) for the
given orientation

r
A
π

4
f i

f i
( )

( )=
(4)

By integrating Eq. (3) in the cylindrical coordinate system as per the
procedure presented in [27] the representative fibre volume fraction for
each orientation is calculated using the orientations fibre volume
fraction as

v v m l k l kl k(16 ( ) 12 17 )
30

.rf i f i( ) ( )
2 2 2 2

= − + + +
(5)

The associated volume fraction of matrix interphase surrounding
the representative fibre for each orientation is

v v l m l k kl k29 16 ( ) 12 17
30

.im i f i( ) ( )
2 2 2 2

⎜ ⎟= ⎛
⎝

− − − − ⎞
⎠ (6)

These volume fractions are used for calculating the strain parti-
tioning and homogenizing the stress.

The Eshelby inclusion tensor ( f ) for infinitely long cylindrical fi-
bres is not symmetric and is a function of the matrix Poisson’s ratio ν( )m

as

0 0 0 0 0 0
0 0 0

0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

.f

ν
ν

ν
ν

ν
ν

ν
ν

ν
ν

ν
ν

ν
ν

2 2
5 4
8 8

4 1
8 8

2 2
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8 8
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1
4

3 4
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1
4

m
m

m
m

m
m

m
m

m
m

m
m

m
m

=

⎡

⎣

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
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⎥

−
−
−

−
−

−
−

−
−
−

−
−



(7)

Eshelby’s tensor is used in the strain localization tensor for the FGI
model as

1( ) ,f m f m= − +−      (8)

where m is the elasticity tensor for the matrix material, f is the
elasticity tensor for the fibre material, and  is the fourth order identity
tensor. The resulting strain localization tensor for infinitely long fibres
is also not symmetric. A non-symmetric strain localization tensor results
in non-symmetric stiffness tensors [33,25], homogenization is com-
pleted on the stress instead of the elasticity tensor for this reason.

The strain localization calculation for each representative fibre must
occur aligned with the fibres local coordinate system due to the non-
symmetric strain localization tensor. The strain in each representative
fibre ( )rf i( )∊ aligned with the fibres local coordinate system is calculated
as

rf i( )
1∊ = ∊− (9)

where ∊ is the strain applied to the region of interest rotated to the local
coordinate direction. The strain rotation is

εQ QT∊ = (10)

where ∊ is the applied strain in the global coordinate system, and Q is
the rotation tensor between the two coordinate systems. The fibre or-
ientation from Leopardi’s algorithm is given in terms of two Euler an-
gles ϕ and θ defined by Advani and Tucker [6]. The unit cell containing
a single representative fibre orientation is shown in Fig. 4. Each of the
representative fibres passes through the origin of the local coordinate
system, however the deformations are assumed to be independent of
each other. The coordinate rotation tensor is

ϕ θ ϕ ϕ θ
ϕ θ ϕ ϕ θ

θ θ
Q

cos sin sin cos cos
sin sin cos sin cos

cos 0 sin
,=

⎡

⎣

⎢
⎢

−
−

− −

⎤

⎦

⎥
⎥ (11)

defined as a rotation from the global coordinate system to the local
coordinate system for each fibre orientation.

The strain compatibility calculations are completed in the global
coordinate system to calculate the interphase matrix deformation in the
FGI model. The representative fibre strain is rotated back to the global
coordinate system using the transformation

ε Q Q .rf i rf i
T

( ) ( )= ∊ (12)

The strain in the interphase matrix for each representative fibre
orientation is calculated as

ε
v v ε v ε

v
( )

.im i
rf i im i rf i rf i

im i
( )

( ) ( ) ( ) ( )

( )
=

+ −

(13)

The strains in the representative fibres and associated interphase
matrix portions are used in the stress calculation.

For the FGI model the stress in each representative fibre is calcu-
lated as

σ ε .rf i f rf i( ) ( )=  (14)

The interphase matrix stress for each pseudo grain in the FGI model
is calculated as

σ ε .im i m im i( ) ( )=  (15)

Fig. 4. Description of fibre orientation with respect to the unit cell coordinate
system and the local coordinate system for a representative fibre.
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The bulk matrix stress for the FGI model is calculated from the

             

applied strain as

σ ε.bm m=  (16)

For the FGI model the homogenized stress in the region of interest is
calculated as

σ v σ v σ v v σ( ) 1 ( ) .
i

n

rf i rf i im i im i
i

n

rf i im i bm
1

( ) ( ) ( ) ( )
1

( ) ( )∑ ∑= + + ⎛

⎝
⎜ − + ⎞

⎠
⎟

= = (17)

2.2.2. Two step homogenization Mori Tanaka model
The Mori Tanaka model using the implementation of Benveniste

[29] accounts for fibre volume content through a modification to the
strain localization tensor ( ) as

v(1 ) 1( ) .mt i f i f m f m( ) ( )= − − +−      (18)

The deformation is divided into two regions within each pseudo
grain the representative fibre and the matrix material.

For the two step homogenization the strain localization calculation
must also occur in a local coordinate system aligned with the fibres. It is
assumed that the volume fraction of fibres in each pseudo grain is the
same, however the size of the pseudo grains depends on the volume
fraction of the orientation. The fibres within the pseudo grains are as-
sumed to span the length of the grains. The strain in the fibres in each
pseudo grain ( )f i( )∊ is calculated using the Mori Tanaka strain locali-
zation tensor as

.f i mt i( ) ( )
1∊ = ∊− (19)

The strain in the matrix of each pseudo grain is calculated with
respect to the global coordinate system, as such the fibre strain must be
rotated to the global coordinate system as

ε Q Q .f i f i
T

( ) ( )= ∊ (20)

The strain in the matrix portion each pseudo grain is

ε
ε v ε

v1
.m i

f i f i

f i
( )

( ) ( )

( )
=

−
− (21)

The strains are used to calculate the stresses in each region of the
pseudo grains.

The fibre stress in each pseudo grain using the Mori Tanaka
homogenization is calculated as

σ ε .f i f f i( ) ( )=  (22)

The matrix stress for each pseudo grain in the Mori Tanaka model is
calculated as

σ ε .m i m m i( ) ( )=  (23)

The homogenized stress in the region of interest is

σ v σ v
v

σ1 1 .
i

n

f i f i f i
f

m i
1

( ) ( ) ( ) ( )∑ ⎜ ⎟= ⎡

⎣
⎢ + ⎛

⎝
− ⎞

⎠

⎤

⎦
⎥

+ (24)

The implementation of the Mori Tanaka strain localization scheme
given in Eq. (18) is equivalent to the implementation in [19]. The strain
partitioning aligned with the local coordinate system in each pseudo
grain is proposed within this study to account for long fibres.

2.3. Analysis procedure

Leopardi’s partitioning algorithm is applied to the three SMC mi-
crostructures with the following 18 number of orientations over the half
sphere: 3, 4, 9, 13, 21, 26, 38, 47, 60, 71, 87, 101, 119, 136, 156, 176,
198, and 200. These numbers of orientations were selected because
they all include orientations in the X Y plane, such as 3 orientations
shown in Fig. 3a. In [12], it was shown that Leopardi’s partitioning
algorithm combined with an orientation analysis tool based on an

anisotropic Gaussian filter leads to good results using 100 orientations
over the half-sphere. Twice as many orientations were considered
within this study to ensure that the results were consistent using the
models considered.

The μCT scan image is divided into 12 regions through the thickness
(Z-direction) in order to understand the effects of fibre volume content
variations on the models. This results in layers 0.25mm thick, which
corresponds to around double the fibre bundle thickness used in the
SMC or around 46 layers of voxels in the μCT scan. The volume fraction
variation is evaluated by comparing the number of fibre voxels (Ib =1)
in each layer to the total number of fibre voxels in the microstructure
and normalizing with respect to the average fibre volume content of the
composite as

v
I l j

I l
v j12

( )

( )
1, ,12f l

b

l
b

f( )

1

12

∑
=

∑ =
∗ = …

= (25)

where j is the specific layer (l) of the composite microstructure.
Seven strain states are applied to the unit cell containing the mi-

crostructure data for each of the three μCT scans to evaluate the stress
convergence of the model for an increasing the number of re-
presentative fibre orientations. The strain states that are applied to each
of the 12 regions of the SMC microstructure are given in Table 1.

The homogenized stress components σ( )ij predicted by the models
for 156, 176, 198, and 200 orientations over the half sphere are aver-
aged to represent the converged stress value ( )σijconv . The stress error is
calculated for each of the 18 number of orientations over the half
sphere as

e
σ σ

σ
in%ij ij

ij

conv

conv

=
−

(26)

where σij is the stress component predicted for the number of orienta-
tions. A stress component is considered to have converged for a given
strain state if both of the following conditions are satisfied

• The range of e for the 12 regions of thickness is within 10% for 156,
176, 198, and 200 orientations

• The average value of e for the 12 regions over thickness for 156,
176, 198, and 200 orientations have a range of less than 10%

Analysis of the average e, range of e, and standard deviation of e is
conducted for the 12 regions over thickness for each applied strain state
on the three microstructures where the stress component meets the
convergence criteria.

The Von Mises equivalent stress for each of the 12 regions through
the thickness is calculated for the in plane applied strains. The
equivalent stresses are plotted as a function of fibre volume content to
analyze the effects of fibre volume fraction variation on the model.

3. Results

The SMC studied is a low density E glass reinforced filled polyester
matrix composite where the filler materials are calcium carbonate and
hollow glass spheres. The average fibre volume fraction of the SMC is

Table 1
Applied strain states.

Strain State εX εY εZ γXY γYZ γZX

X Strain 0.005 0 0 0 0 0
Y Strain 0 0.005 0 0 0 0
Z Strain 0 0 0.005 0 0 0
XY Strain 0 0 0 0.005 0 0
YZ Strain 0 0 0 0 0.005 0
ZX Strain 0 0 0 0 0 0.005

Biaxial Strain 0.005 0.005 0 0 0 0
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calculated from the density of the fibres ρ( )f and consolidated SMC ρ( )

             

c
along with the fibre weight fraction W( )f provided by the SMC manu-
facturer as

v
W ρ

ρ
.f

f c

f
=

(27)

The resulting fibre volume fraction is 0.183 and it is assumed that each
of the three samples has this fibre volume content. Material char-
acterization of the in plane properties of the SMC was carried out as per
ASTM D3039/D3039M using a 25mm sample width from different
plaques of the same SMC material using a different charge pattern. As
the orientation of the material used for this characterization is unknown
the results are only used to estimate the matrix material properties of
the SMC. The measured modulus of the SMC varies from 7440MPa in
the X direction to 7040MPa in the Y direction. The measured in plane
Poisson’s ratio is 0.30. Applying a uniaxial deformation to the micro-
structure of sample 1 considering 1 region through the thickness the
matrix material properties were estimated. The X modulus for the FGI
model is 7360MPa and 7540MPa for the two step Mori Tanka model.
The Y modulus for the FGI model is 6140MPa and 5530MPa for the
two step Mori Tanaka model. The Y modulus predicted by the models is
lower than that experimentally observed however the difference in
modulus is comparable to other studies on SMC material [3] due to
flow. The value for the FGI model is also within 9% of the lowest ob-
served Y modulus from the experimental testing. Different Poisson’s
ratios for the two models were required to create a uniaxial stress state
for the calibration. The interphase calibration parameters were as-
sumed to be the same as those of unidirectional carbon fibre composites
given in Sabiston et al. [27]. This assumption is made to reduce the
number of parameters due to the limited test results available for the
material model calibration. The fibre properties were assumed to be
those of standard E-glass. The material properties used in the models
are given in Table 2.

3.1. Fibre volume fraction variation

Subdividing the microstructures into 12 regions over thickness the
volume fraction variation for each of the three samples is evaluated
with the assumption that the average volume fraction is 0.183 for each
sample. The volume fraction variation is given in Fig. 5.

The fibre volume content is lowest at the surfaces and in the middle
of the samples. This indicates that the plaque was likely formed using a
charge consisting of two layers of the SMC material. The volume

fraction varies between 0.1443 and 0.2244 which is a 55.5% increase
from minimum to maximum fibre volume content or a ±22% change
from the average fibre volume content.

3.2. Stress results

The resulting stress states at the 12 regions through the material
thickness from the applied strain states are given in Fig. 6. The solid
lines represent the stress predicted by the FGI model and the dashed
lines are the stresses predicted using the two step Mori Tanaka homo-
genization.

3.3. Effect of fibre volume fraction variation

The Von Mises equivalent stress at each of the 12 points through the
material thickness for the three microstructures is calculated for each
applied strain. It is found that for strains applied in the X Y plane the
equivalent stress is proportional to the fibre volume content as shown in
Fig. 7. In this plot the solid line is the line of best fit for the square
points predicted by the FGI model and the dashed line is the line of best
fit for the circular points predicted by the two step Mori Tanaka model.
Using linear regression of a linear function of the form

σ av beq f l( )= + (28)

is calculated, where a and b are the equation constants, the equation
constants for the best fit lines and r2 value are given in Table 3.

3.4. Stress convergence

The stress component shown in Fig. 6 are the average of the stress
predicted using 156, 176, 198, and 200 orientations. This stress value is

Table 2
SMC material properties for the models.

Known Properties Value Calculated Properties Value

ρc 1.23 g/cm3 vf 0.183

ρf 2.55 g/cm3 k 0.83

Wf 0.40 l 1.08
Ef 73 GPa m 0.4
νf 0.25 Em 4 GPa
Ec 7.44 GPa νm (FGI) 0.35
νc 0.3 νm (Mori Tanaka) 0.27

Fig. 5. Variation of fibre volume content across the sample thickness. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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considered the converged stress value, the criteria to determine if the

             

stress component has converged is given in Section 2.3. The stress
components for the three samples which converged under the applied
strains are given in Table 4. The average error, average error range, and
average error standard deviation are evaluated for each of the 18
number of orientations for the converged stress components. These
error statistics are shown in Fig. 8 as a function of number of orienta-
tions (or pseudo grains) considered. The error of the FGI model is the
solid lines and the error of the two step Mori Tanka model is shown
with the dashed lines.

4. Discussion

The FGI model requires n 1+ stress calculations whereas the two
step Mori Tanaka models n stress calculations. However, the strain lo-
calization tensor for the two step Mori Tanaka homogenization given in
Eq. (18) must be recalculated n times, for every i, and inverted making
the FGI model much more computationally efficient. The FGI frame-
work also allows for additional calibration through the k l, , and m
parameters compared to the Mori Tanaka homogenization method
which is only a function of fibre volume fraction.

Fig. 6. Averaged stress value of 156,176,198, and 200 orientations as a function of position due to applied strains, FGI (solid), Mori Tanaka (dashed). (For inter-
pretation of the references to colour in this figure legend, the reader is referred to the web version of this article).
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The interphase matrix portion represents the changes matrix struc-

             

ture in close proximity to the fibre along with the fibre sizing. For the
calibration the interphase matrix portion begins 0.45 μm inside the
fibres and extends 0.64 μm outside of the fibres. These values are within
the range of the local variation in material properties surrounding fibres
observed experimentally [34]. The interphase is present around all fi-
bres within the micro-structure. The scale of the interphase is too small
to be observed by the μCT analysis however as long as separation be-
tween the fibres exists within a fibre bundle the interphase dimensions
used are physically viable.

The material properties used in the model are not crucial as the
results are not being directly compared to experimentally measured
values. The material properties are only used to predict the stress
convergence in the numerical study. The effects of the change of
Poisson ratio on the trends of the models was minimal. The Poisson
ratio affected the magnitude of the stress predicted by the Mori Tanaka
model more than it affects the FGI model.

There is a correlation between the Von Mises equivalent stress and
the fibre volume fraction for the strains applied in the X Y plane of the
sample shown in Fig. 7. For the applied shear strains the predicted
stress components for the normal stresses and other shear components
are very noisy as seen in Fig. 6b, d, and f. All of these stresses are
included in the calculation of the equivalent stress resulting in less
correlation of the equivalent stress and the fibre volume content for the
applied XY strain than the normal strain components. The reduction in
fibre content is also the reason why no correlation is observed or pre-
sented for the through thickness applied shear strains and applied Z
strain. There is a lower correlation for the applied Y strain than the
applied X strain due to a greater number of orientations in the X

direction as observed by the increased X stress compared to Y stress in
Fig. 6a and c respectively. There is a 3.7% in X stress compared to Y
stress for the FGI model and a 7.5% increase in X stress compared to Y
stress for the two step Mori Tanaka model. The value of a for the two
step Mori Tanaka model given in Table 3 are much higher than the FGI
model indicating an increased dependence of the equivalent stress on
the fibre volume content for the two step Mori Tanaka model. The value
of b given in Table 3 are negative for the two step Mori Tanaka model,
which indicated that if the SMC had no fibres the equivalent stress
would be negative. This is impossible as equivalent stress must be po-
sitive. The FGI model has a positive b value due to the response of the
matrix material. Therefore the two step Mori Tanaka model has too
much dependence on the fibre volume content.

From Table 4 it is observed that the stress component in the di-
rection of the applied strain always converges. Looking at the stress
results in Fig. 6 and the stress convergence in Table 4 it is observed that
if the value of a stress component is always above 5MPa for the FGI
model that stress component converges. It is also observed that fewer
normal stress components converge under the applied normal strains
for the two step Mori Tanaka model than the FGI model.

In Fig. 8a it is observed that the in plane stress components converge
with fewer number of orientations than the through thickness stress
components. It is also observed that the first two minimums of Fig. 8a
occur at 38 and 60 orientations. The increase in error for the through
thickness stress components is due to instances when these stress
components meet the convergence criteria indicated in Table 4 but
have a low stress in Fig. 6 such as the shear stress components which
converge under the applied biaxial and Z strains which are near zero.
Small changes in the value of the stress causes large changes in the %

Fig. 7. Von Mises equivalent stress as a function of fibre volume content for in plane loading, FGI (solid,box), Mori Tanaka (dashed,circle). (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article).

Table 3
Equation constants for best fit lines for equivalent stress as a function of fibre volume content.

Applied Strain FGI Model Mori Tanaka Model

a b r2 a b r2

Biaxial Strain 96.633 13.179 0.99591 256.45 −3.1429 0.99736
X Strain 103.24 13.189 0.9975 264 −2.234 0.99846
Y Strain 57.944 14.123 0.41915 190.36 −1.0821 0.73414
XY Strain 10.412 24.945 0.30252 136.7 0.1673 0.97285
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error due to the low converged stress value. It is also observed in Fig. 8a

             

that the average error tends to be higher for the two step Mori Tanaka
model than the FGI model.

It is observed in Fig. 8b that the normal stress components have a
lower error range than the shear stress components. The same is true for
the error standard deviation shown in Fig. 8c. The error range and
standard deviation tends to be larger for the two step Mori Tanaka
model than the FGI model especially for lower numbers of orientations.
The XY stress component error range and standard deviation are larger
due to the inclusion of the stress error for sample 3 under the applied Z
and biaxial strains as the stress value is close to zero as shown in Fig. 6.
It is also observed the 38 and 60 orientations tend to have a smaller
error range and standard deviation than 47 orientations.

In the sphere partitioning algorithm by Leopardi the longitude of
the patches is less structured than the latitude. The centre points of the
patches along the lines of latitude are always the same angle below the

pole cap aligned with the Z axis. In the selection of number of or-
ientations considered, the numbers were selected such that the centre
points of the patches were in the X-Y plane. As the patches are not
aligned with the lines of longitude this results in the fibre orientations
not being aligned with the Y-Z and Z-X planes. This effect can be ob-
served in Fig. 3c. Changing the number of orientations effects the an-
gular distance that the fibre orientations are inclined from these planes.
This change results in the occasional increase in error statistics for di-
rections not in the X-Y plane for an increasing number of orientations
shown in Fig. 8. It is expected that these errors should always decrease
for an increasing number of orientations, however due to this change in
patch inclination about the Y-Z and Z-X planes there is sometimes an
increase. This effect could be reduced by increasing the number of or-
ientations considered at the expense of computational cost.

A comparison of the error statistics between 38 and 60 orientations
was conducted evaluating the chance of 38 or 60 orientations having a

Fig. 8. Averaged stress error statistics for converged stress components for all applied strains, FGI (solid), Mori Tanaka (dashed). (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article).

Table 4
Stress components that converged for the specific samples (1,2,3) under the applied strains.

Applied Strain FGI Model Mori Tanaka Model

σX σY σZ σXY σYZ σZX σX σY σZ σXY σYZ σZX

X Strain 1,2,3 1,2,3 3 0 0 0 1,2,3 3 1,2 0 0 0
Y Strain 1,3 1,2,3 1,2 0 0 0 1,2 1,2,3 3 0 0 0
Z Strain 1,2,3 1,2,3 1,2,3 3 2,3 0 1,2,3 1,2,3 1,2,3 3 2,3 0
XY Strain 0 0 0 1,2,3 0 0 0 0 0 1,2,3 0 0
YZ Strain 0 0 3 0 1,2,3 3 0 0 3 0 1,2,3 3
ZX Strain 0 0 1,2 0 1,2 1,2,3 0 0 1,2 0 1,2 1,2,3

Biaxial Strain 1,2,3 1,2,3 1,2,3 3 2,3 0 1,2,3 1,2,3 1,2,3 3 2,3 0
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lower value of average error, error range, and error standard deviation.

             

This comparison is shown in Table 5. It is identified that for both
models 60 orientations has a higher chance of predicting a more con-
sistent result than 38 orientations. Therefore, subdividing the micro-
structure of a long fibre SMC into 60 representative fibre orientations
(or pseudo grains) produces sufficiently accurate results when con-
sidering elastic deformation. The fibre orientation distributions for the
three samples considering 60 orientations over the half sphere are given
in Appendix A.

In the two step Mori Tanaka framework the strain in the matrix
portion of each pseudo grain is different due to solving the strain
compatibility condition. This results in additional deformation occur-
ring in the matrix phases of the two step Mori Tanaka homogenization
compared to the FGI model where there is one bulk matrix strain. This
difference between the models could explain the differences in the
stress prediction of the two models in Fig. 6. Some of the stress com-
ponents predicted by the two step Mori Tanaka model are compressive
which is not possible under the applied strains as they are all tensile.
The combination of long fibres with the two step homogenization could
explain these compressive stress states.

The difference of the stiffness of the materials is identified by Doghri
and Tinel [15] as effecting the number of pseudo grains required. The
fibres in the SMC studied are 18.25 times stiffer than the matrix ma-
terial. In the system investigated by Ogierman and Kokot [22] the re-
inforcements are only 6.28 times stiffer than the matrix material. The
ratio in stiffness is expected to effect the number of orientations re-
quired with larger ratios requiring more orientations to capture the
material anisotropy.

The fibre volume fraction of the composite system is also expected
to affect the resulting number of orientations required. The fibre vo-
lume fraction studied is roughly double that considered by Doghri and
Tinel or Ogierman and Kokot [15,22]. However the largest difference is
introduced by considering long fibres as the method for determining the
elasticity tensor using orientation averaging is no longer valid [6].

There is a limit to the number of orientations that are used in this
method due to the accuracy of the fibre orientation analysis. The exact
limit is not explored. However, if the patch sizes of Leopardi’s algorithm
result in regions smaller than the accuracy of the fibre orientation
prediction then the ability to assign fibre orientations to representative
fibre orientations becomes less precise. This may explain why for some
instances there is an increase in error when considering a higher

number of orientations near 200. This issue arises due to the fibre
diameter being approximately 3–4 voxels in diameter, however a
higher resolution CT scan would result in a smaller image region which
may not be representative of the SMC microstructure.

5. Conclusions

Stress homogenization of long fibre composites with misaligned fi-
bres using the FGI model is presented as an alternative to the two step
Mori Tanaka homogenization for misaligned inclusions. The fibre or-
ientation distribution is determined from image processing of μCT scans
of the SMC’s microstructures which are used as input to the micro-
mechanics models. The predicted stress states for seven applied strain
states are compared using 18 different numbers of orientations for the
three SMC microstructures to evaluate the convergence of the models.

There is a linear relationship between the fibre volume content and
the equivalent stress for in plane deformations. It is found that the two
step Mori Tanaka model has more dependence on the fibre volume
content than the FGI model and that the two step Mori Tanaka model
has too much dependence on the fibre volume content. The FGI model
is more computationally efficient than the two step Mori Tanaka
homogenization procedure. The two step Mori Tanaka model predicts
some compressive stress states under applied tensile deformation. The
FGI model has less error for fewer orientations than the two step Mori
Tanaka model. It is found that the stress component in the direction of
the applied strain always converges for both modelling techniques. The
stresses in the X Y plane converge faster than the through thickness
stress components. For the SMC studied it is determined that 60 or-
ientations over the half sphere provides adequate accuracy to predict
the elastic stress strain response of the material.
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Appendix A. Orientation histograms

Fibre orientation histograms are plotted as discrete pole figures, where the colour and the size of each point represents the relative fibre volume
content that is oriented in a specific direction.

Orientation analysis is carried out on each sample on a region of 9×9mm2 in-plane. Histograms are constructed for the 12 regions over the Z-axis.
Figs. 9–11 show the pole figures for twelve regions over thickness for sample one, two and three respectively. Note, that the origin of the azimuth
angle is aligned to the X-axis for sample one and two and to the Y-axis for sample three. Almost all fibres are aligned to the XY plane, as there are
very few orientations detected in Z-direction. This results from the SMC-manufacturing process and is true for all samples investigated. The in-plane
fibre orientation distributions change over thickness as seen in Figs. 9–11.

Table 5
Comparing the percentage that 38 or 60 fibre orientations has improved error statistics.

Model Average Error Error Range Error Deviation

Number of Orientations 38 60 38 60 38 60

FGI Model 22.6% 77.4% 30.2% 69.8% 15.1% 84.9%
Mori Tanaka Model 23.5% 76.5% 19.6% 80.4% 5.9% 94.1%
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Fig. 9. Pole figure histograms for sample one with 12 regions over Z. The origin of the azimuth angle is aligned to the X-axis of the global coordinate system in Fig. 1.

             

(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article).
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Fig. 9. (continued)
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Fig. 10. Pole figure histograms for sample two with 12 regions over Z. The origin of the azimuth angle is aligned to the X-axis of the global coordinate system in

             

Fig. 1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article).
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Fig. 10. (continued)
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Fig. 11. Pole figure histograms for sample three with 12 regions over Z. The origin of the azimuth angle is aligned to the Y-axis of the global coordinate system in

             

Fig. 1. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article).
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Fig. 11. (continued)
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