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a b s t r a c t
Fiber reinforced polymers, for example sheet molding compounds (SMC), have gained signiﬁcant importance as
lightweight materials. In this work, a SMC composite based on unsaturated polyester-polyurethane hybrid resin
(UPPH) reinforced with discontinuous long glass ﬁbers is considered. The mechanical behavior of this composite is highly governed by its microstructure. Based on samples extracted from compression molded sheets, the
underlying microstructure is characterized by means of X-ray computed tomography (μCT) scans. Tensile tests
are performed to investigate and characterize the elastic properties of this composite. A mean-ﬁeld method is
presented to approximate the eﬀective elastic behavior. In this context, the tensile tests performed serve as validation data for the simulation results. The eﬀective Young’s modulus is in good agreement with the experimentally
obtained data with a deviation less than 15%.

1. Introduction
Fiber reinforced polymers oﬀer advantageous properties for numerous technical applications based on their high speciﬁc stiﬀness and
strength. Among this material class, sheet molding compounds additionally stand out due to low material and manufacturing costs [1–3].
Manufacturing starts with production of semi-ﬁnished sheets, which are
compression molded to the ﬁnal geometry in a subsequent manufacturing step. Closure of the mold heats the stack of semi-ﬁnished material,
reduces its viscosity and forces the material to ﬁll the mold. Complex
ﬂow phenomena lead to anisotropic ﬁber orientation and ﬁber distribution [4]. Fibers most preferably align along the in-plane ﬂow direction within the core. Fibers in the shell layers may bend, disaggregate
and spread [5]. Fiber orientation distribution signiﬁcantly aﬀects resulting material properties [6,7], hence performance of the materials is
strongly aﬀected by the microstructure. Considering tensile properties,
Boylan et al. [8] investigated tensile properties of unsaturated polyesterbased SMC composites, which featured a ﬁber volume content of 21%,
indicating that observed anisotropic mechanical material properties for
SMC sheets resulted from material ﬂow during compression molding. A
substantial in-plane anisotropy in terms of tensile stiﬀness and strength
was also observed in [9]. Whereas material ﬂow during compression
molding is seen to importantly aﬀect ﬁber orientation and hence material performance, even SMC materials, which did not ﬂow during molding (hence 100% mold coverage was realized for compression molding),
∗

showed anisotropic material properties [10]. This eﬀect was linked to
the movement of the conveyor belt during the manufacturing of the
semi-ﬁnished sheets.
Sheet molding compounds, in combination with bulk molding compounds had the highest economic importance in terms of production
volume in Europe in the last few years [11]. To further implement components made from sheet molding compounds, modeling of material behavior can signiﬁcantly reduce development time. Recent approaches
focus on the simulation of ﬂow-induced ﬁber orientation [12,13] and
the consideration of microstructural characteristics to predict material
behavior and damage [14–16]. A ﬁrst attempt to realize a virtual process
chain for sheet molding compound composites was established and validated by means of experimental investigations on a demonstrator structure [17,18]. For ﬁber reinforced materials, the objective of mean-ﬁeld
methods is to predict the behavior of the composite on a macrostructural level taking the heterogeneities on the microstructure into account.
Commonly, the mean-ﬁeld methods are divided into bounding and estimating methods. Upper and lower bounds for polycrystalline composites
were formulated by [19,20], respectively. Closer, second-order bounds
were developed by [21]. Known representatives of the estimating methods are the self-consistent scheme, ﬁrst introduced by [22,23], and the
Mori-Tanaka method [24]. In order to determine a precise prediction, a
detailed description of the underlying microstructure of a ﬁbrous composite is necessary including the geometrical description as well as the
spatial and orientation distribution of the ﬁbers. Some homogenization
methods take the ﬁber orientation into account either based on a dis-
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Table 1
Resin components and ﬁber type of discontinuous glass ﬁber SMC.

crete ﬁber orientation description [25], on orientation distribution functions [26], or by using a mean ﬁber orientation measure in terms of orientation tensors [27,28]. Due to their mathematical simple structure,
orientation tensors provide a numerical eﬃcient description of the microstructure. Moreover, they can be determined directly based on μCT
scans.
In contrast to mean-ﬁeld methods, full-ﬁeld methods can be used to
compute the overall behavior based on the fully resolved microstructure.
In this context, a boundary value problem for a representative volume element or a unit cell is solved. For this purpose, ﬁnite element [17,29], or
fast Fourier [30,31] methods are commonly used. By volume averaging
of the local solutions, the homogenized properties are determined. Applications of a fast Fourier method in the context of phase ﬁeld fracture
problems is given in [32]. In [33], a gradient-based solver is developed
which is directly applied to inelastic problems.
In this work, a Hashin-Shtrikman based two-step method is formulated by means of orientation tensors and a variable reference stiﬀness.
In this context, a tailored approach is developed that is favorable in
terms of composite structures with a high phase contrast. By comparing the eﬀective behavior of the composite with experimental data, the
predictability can be quantiﬁed.
Outline. The work at hand is structured as follows. In Section 2,
the composite material is introduced and the speciﬁcations are given.
The microstructure characterization by computed tomography scans is
outlined in Section 3. Furthermore, the mechanical characterization
based on tensile tests is described. Moreover, the mean-ﬁeld method
for the prediction of the elastic material properties is brieﬂy presented.
In Section 4, the results of the orientation analysis are shown. The subsequently presented experimental results of the tensile tests are discussed
in detail. Additionally, the computed elastic Young’s modulus is compared with the experimental tensile data. Finally, in Section 5, a summary of the main results is given and conclusions are drawn.
Notation. A direct tensor notation is preferred as in [34,35]. Scalars
are denoted by lowercase letters, e.g. 𝑎, and vectors by lowercase bold
letters, e.g. 𝒂. Second-order and fourth-order tensors are indicated by
𝑨 and 𝔸, respectively. The scalar product and the dyadic product are
given by 𝑨 ⋅ 𝑩 and 𝑨 ⊗ 𝑩 . Using 𝑨𝑩 and 𝔸𝔹, respectively, the composition of two tensors of the same order is denoted. A linear mapping is given by 𝑨 = ℂ[𝑩 ]. By means of 𝔸𝖳𝖧 , the major transposition
𝖳𝖧
of a fourth-order tensor is given, deﬁned by 𝐴𝑖𝑗𝑘𝑙
= 𝐴𝑘𝑙𝑖𝑗 in index nota-

Component

Product name

Supplier

UPPH resin
Release agent
De-airing
Inhibitor
Peroxide
Thickener (Isocyanate)
Fiber (41wt% [nom.])

Daron ZW 14141
BYK 9085
BYK-A-530
pBQ
Trigonox 117
Lupranat M20R
Multistar 272

Aliancys
BYK
BYK
Fraunhofer ICT
Akzonobel
BASF
Johns Manville

Table 2
Image acquisition parameters of CT scans.
Acquisition parameter

value

Acceleration voltage
Tube current
Focus-object distance
Focus-detector distance
Voxel size
Integration time / Pixel binning
Number of projections

100 kV
0.05 mA
31.27 mm
749.97 mm
8.04 μm
500 ms / 1
2400

3600/3200 AS by Dieﬀenbacher) at approximately 150 ◦ C mold temperature, 2500 kN, and 112 s mold closing time. The stack of semi-ﬁnished
SMC is placed in the center of a rectangular shaped mold, featuring a
section of 250 × 800 mm2 , with a mold coverage of approximately 35%.
Hence, the semi-ﬁnished SMC is forced to unidirectionally ﬂow to ﬁll
the mold. The discontinuous glass ﬁber reinforced SMC sheets feature a
nominal thickness of 3 mm. Specimens for experimental investigation,
with the dimensions of 100 × 15 mm2 , are extracted by water jet cutting from charge and ﬂow region in 0◦ and 90◦ with 0◦ coinciding the
direction of ﬂow.
3. Methods
3.1. Microstructure characterization
Important characteristics of the SMC material at hand are the ﬁber
volume content, the ﬁber orientation and the ﬁber length distribution.
As the SMC process does not degrade the ﬁber length in a signiﬁcant
manner, it is appropriate to consider the adjusted length of 25.4 mm
corresponding to the blade distance of the cutting unit for mechanical
models.
To determine the ﬁber volume content (FVC) of the discontinuous
SMC sheets, circular specimens with a diameter of 20 mm are extracted
from diﬀerent locations of the sheets and a thermogravimetric analysis
(TGA) is performed with a Leco TGA701 (LECO Corporation, St. Joseph,
MI, USA) at the Fraunhofer ICT in Pﬁnztal, Germany. Thermogravimetric analyses generally enable to determine the ﬁber weight content by
incinerating the matrix of a specimen and with the mass density of the
matrix material (𝜌M =1.14 g/cm3 ) and the ﬁbers (𝜌F = 2.6 g/cm3 ) the
ﬁber volume content of the specimen can be determined. For the investigation of the discontinuous glass ﬁber SMC the chamber is heated
up to 550◦ C with a heating rate of 37◦ C min−1 . The dwell temperature
remains constant for 2 h while the weight loss is tracked.
Fiber orientation distributions are extracted from micro computed
tomography scans by an ”YXLON CT Precision” device. All scans are
acquired using a transmission tube with tungsten target and a Perkin
Elmer detector with a resolution of 2048 × 2048 pixels2 at a pixel pitch
of 0.2 mm. Further scanning parameters are listed in Table 2. Volume
images are reconstructed using the in-build reconstruction algorithm by
YXLON resulting in a three-dimensional scalar gray value image 𝐼.
The local ﬁber orientation is evaluated in each voxel 𝛼 = 1 … 𝑀 by
an algorithm based on the structure tensor [37,38]. Assuming a prior

tion. Moreover, 𝔸𝖳𝖱 denotes the minor transposition with respect to the
𝖳𝖱
right subindizes, reading 𝐴𝑖𝑗𝑘𝑙
= 𝐴𝑖𝑗𝑙𝑘 in index notation. The quantities

𝑰 and 𝕀𝖲 denote the identity tensors on symmetric tensors of secondand fourth-order, respectively. The brackets ⟨⋅⟩ are deﬁned as ensemble
average that corresponds to volume average in the inﬁnite volume limit
for ergodic media.

2. Material
The investigated glass ﬁber reinforced sheet molding compound is
based on an unsaturated polyester-polyurethane hybrid two-step curing
resin system. No ﬁllers are added. Manufacturing and investigation of
this speciﬁc SMC composite took place within the International Research
Training Group ”Integrated engineering of continuous-discontinuous
long ﬁber reinforced polymer structures”. Manufacturing of the SMC
material is also described in [36], for example. The detailed composition of the SMC including the resin system is listed in Table 1.
The semi-ﬁnished SMC sheets are manufactured on a ﬂat conveyor
belt (type: HM-LB-800 by Schmidt and Heinzmann) at Fraunhofer ICT
in Pﬁnztal, Germany. The resin is deposited onto a polymeric ﬁlm. The
reinforcing ﬁbers are cut by a cutting unit to bundles featuring a length
of 25.4 mm and drop onto the paste layer, which is then covered with a
second polymeric ﬁlm and resin to form a sandwich or SMC mat. Compression molding is realized with a press (type: COMPRESS PLUS DCP-G
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segmentation between ﬁbers and matrix, based on the structure tensor,
the average gradient direction in the vicinity of a point 𝑥 on a ﬁber can
be computed and stored as a normalized vector in each voxel, leading
to the ﬁber orientation distribution. Orientation statistics are created
considering only ﬁber voxels with gray values larger than the threshold 𝑡, which is calculated from the gray value histogram by a moments
preserving method by Tsai [39].
To describe ﬁber orientation states, an orientation density function 𝜓(𝒏), referred to as orientation distribution function (ODF), is introduced, cf. [40].
The volume fraction of ﬁbers with orientation 𝒏 is speciﬁed by the
ODF, i.e., d𝑣(𝒏)∕𝑣 = 𝜓(𝒏)d𝑆 . Here, d𝑆 denotes the surface element d𝑆 =
sin(𝜃) d𝜃 d𝜑∕(4𝜋), with the azimuthal angle 𝜃 and the polar angle 𝜑, on a
unit sphere 𝑆 = {𝒏 ∈ ℝ3 ∶ ‖𝒏‖ = 1}, cf. [41]. The ODF is non-negative,
normalized, and centrosymmetric, i.e.,
𝜓(𝒏) ≥ 0,

∫𝑆

𝜓(𝒏)d𝑆 = 1,

𝜓(𝒏) = 𝜓(−𝒏).

(1)

Moreover, the ODF provides one-point statistical information on the
composite, cf. [42].
According to [43], the ﬁber orientation state can be represented by
ﬁber orientation tensors of second and fourth order which are moment
tensors of the ODF referred to as orientation tensors of the ﬁrst kind. The
continuous orientation tensors of second and fourth order are computed
by
𝑵=

∫𝑆

𝒏 ⊗ 𝒏 𝜓(𝒏) d𝑆

(2)

𝒏 ⊗ 𝒏 ⊗ 𝒏 ⊗ 𝒏 𝜓(𝒏) d𝑆.

(3)

Fig. 1. Tensile test specimen.

the strain range of 0.05%–0.25% from the loading and unloading phase,
respectively. As shown by [45], mechanical properties of specimens, extracted from the edges of a SMC sheet are inferior to mechanical properties of specimens extracted from the center, due to formation of resin
rich regions resulting from outward ﬂow of the resin during molding.
In addition, deformation of ﬁber bundles is more severe at the edges of
the sheet [46], which might also aﬀect mechanical performance. To account for this point, specimens for mechanical characterization within
this study were extracted with appropriate distance from the edges of
the manufactured SMC sheets.

and
ℕ=

∫𝑆

For discrete CT-data the empirical orientation tensors are calculated
by a voxel-based averaging scheme
1
𝑵 = ∑𝑀

𝑀
∑

𝛼=1

𝑤𝛼

𝑤𝛼 𝒏𝛼 ⊗ 𝒏𝛼

(4)

𝑤𝛼 𝒏𝛼 ⊗ 𝒏𝛼 ⊗ 𝒏𝛼 ⊗ 𝒏𝛼

(5)

𝛼=1

and
1
ℕ = ∑𝑀

𝛼=1

with
𝑤𝛼 =

{
1
0

𝑀
∑

𝑤𝛼

𝛼=1

3.3. Mean-ﬁeld homogenization

if 𝐼(𝛼) > 𝑡
else.

To compute the eﬀective elastic material properties of the SMC
composite, the two-step Hashin-Shtrikman mean-ﬁeld homogenization
method is used. This method is based on the eigenstrain formulation
proposed in [47,48]. In this context, a two-phase composite is assumed
to contain 𝑁 ﬁbers, embedded in a polymeric matrix. In a ﬁrst step,
the microstructure is partitioned into domains with ﬁbers of a certain
orientation. This results into as many domains as there are diﬀerently
oriented ﬁbers within the microstructure.
The matrix material is denoted by (⋅)M , and the ﬁber material by (⋅)𝛼 .
Moreover, ℂM denotes the matrix stiﬀness, whereas ℂ𝛼 represents the
ﬁber stiﬀness in domain 𝛼. The ﬁber and matrix material are assumed
to exhibit isotropic material properties. The eﬀective elastic properties
̄ UD± are determined by applying the upper and lower
for each domain ℂ
𝛼
Hashin-Shtrikman bounds reading

(6)

The quantity 𝑤𝛼 is a weighting factor which is either one when the
gray value threshold 𝑡 is exceeded or zero if not. 𝑀 deﬁnes the absolute
number of voxels in the image. Hence, a voxel-weighted orientation tensor is calculated, which is equivalent to a volume-weighting neglecting
the inﬂuence of the discretization by the voxel grid. Tests with artiﬁcial data showed that the inﬂuence by the discretization is low [38,44].
Moreover, the weighting by voxels or volume and length is equivalent
assuming a constant ﬁber diameter.
3.2. Macrostructure characterization – tensile testing

̄ UD+ = ℂ𝛼 + 𝑐M (ℂM − ℂ𝛼 )(𝕀𝖲 + 𝑐𝛼 ℙUD (ℂM − ℂ𝛼 ))−1 ,
ℂ
𝛼
𝛼

Tensile tests are carried out in a conditioned laboratory at 23◦ C
on a ZMART.PRO universal testing machine by ZwickRoell with a
load cell capacity of 200 kN. Before testing, specimens were hydraulically clamped with a clamping distance of 50 mm and preloaded with
𝐹𝑝 ≈ 90 N to level out any compressive loads resulting due to clamping.
Each specimen is loaded up to a maximum elongation of 0.35% and unloaded to 𝐹𝑝 . The loading-unloading cycle is repeated three times with a
nominal loading rate of 0.1 mm min−1 . Strains are measured with a tactile extensometer within a gauge section of 20 mm (cf. Fig. 1). Tensile
modulus of elasticity (𝐸𝑡 ) is determined with a least squares method in

̄ UD− = ℂM + 𝑐𝛼 (ℂ𝛼 − ℂM )(𝕀𝖲 + 𝑐M ℙUD (ℂ𝛼 − ℂM ))−1 .
ℂ
𝛼
𝛼

(7)
(8)
∑𝑁

The ﬁber volume fraction is denoted by 𝑐𝛼 holding 𝑐M + 𝛼=1 𝑐𝛼 = 1 true.
For the special case of unidirectional ﬁbers, Hill’s polarization tensor
ℙUD
𝛼 is explicitly given, cf. [47,49]. In the second step, the transversely
isotropic domains are homogenized by applying the Hashin-Shtrikman
procedure to the pseudo-grain-like structure, reading
̄ UD± 𝔸⟩ = ℂ0 − ℙ−1 + ⟨(ℙ−1 + ℂ
̄ HS± = ⟨ℂ
̄ UD± − ℂ0 )−1 ⟩−1
ℂ
0
0
= ℂ0 − ℙ−1
+ ⟨𝔸∗ ⟩−1
oa .
0

3

(9)
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Fig. 2. Specimen 0◦1 (left) and specimen 90◦1 (right). The edge length of each image regions is 9 mm.

and 𝑁𝑥𝑦 are plotted. Nevertheless, it is possible to derive the 𝑁𝑧𝑧 component from the data as the trace of the orientation tensor is one. Both
curves indicate for an anisotropic material while the component of the
orientation tensor which is aligned in ﬂow direction is higher than the
other. Furthermore, the data suggests that there is a slight skin-core effect due to a higher orientation in ﬂow direction on the edges. However,
the eﬀect is less distinct as e.g. for thermoplastic materials.

Table 3
Fiber volume content of investigated samples.
Plate ID

Fiber volume content
(mean value and standard deviation in %)

1
2
3
4
5
6
7

24.2±0.9
26.4±1.1
26.1±1.2
25.7±1.3
27.5±1.6
27.8±0.8
21.5±1.4

4.2. Results of experimental characterization
The relative tensile moduli of elasticity of the specimens extracted
parallel and perpendicular to ﬂow direction are depicted in Figs. 6 and
7. To obtain relative values, the measured values are normalized to density (𝜌GF =2.6 g/cm3 and 𝜌resin =1.14 g/cm3 ) with the corresponding FVC
of the sheet, determined by means of thermogravimetric analysis (cf.
Table 3). Due to ﬁber orientation resulting from material ﬂow tensile
modulus of elasticity (𝐸𝑡 ) of specimens extracted perpendicular to ﬂow
is signiﬁcantly lower compared to 𝐸𝑡 of specimens extracted in ﬂow direction. In addition, stiﬀness of the material is slightly higher during the
unloading portion of the cyclic tensile testing.

Hill’s polarization tensor ℙ0 in the last equation can be speciﬁed
according to modeling assumptions with respect to the geometry and
the distribution of the domains. In this context, an isotropic two-point
correlation of the domains is assumed for which ℙ0 corresponds to the
spherical polarization tensor, cf. [47]. An ellipsoidal two-point correlation would also be possible, for simplicity, here, the isotropic two-point
correlation has been used. Eq. (9) is given in terms of the reference
stiﬀness ℂ0 which is chosen between the matrix and the ﬁber stiﬀness
reading
ℂ0 = (1 − 𝑘)ℂM + 𝑘ℂF ,

𝑘 ∈ [0, 1].

(10)

The quantity 𝔸 denotes the strain localization tensor [21]. Since the expression 𝔸∗ has a transversely isotropic symmetry, orientation tensors
of second and fourth order can be used to account for the orientation
distribution of the ﬁbers, cf. [43]. Thus, the orientation average is computed by

4.3. Eﬀective elastic properties of the UPPH-based SMC composite
For the computations considered in this section, 0◦ - and 90◦ -oriented
samples are used according to Sections 2 and 3.1. The isotropic engineering constants for the matrix material are given by 𝐸M = 3.4 GPa
and 𝜈M = 0.385, cf. [28]. Regarding the ﬁber material, 𝐸F = 73 GPa and
𝜈F = 0.22 are considered according to [50]. For the ﬁber volume content 𝑐F , the respective value for each sample according to Table 3 is
used. Moreover, the orientation tensors of second and fourth order of
the corresponding sample are used as input, cf. Section 4.1. Based on
this data, the eﬀective elastic stiﬀness is determined by the HashinShtrikman (HS) two-step mean-ﬁeld method and the results are documented in this section. The HS method presented yields two solutions
based on the choice of the reference medium in the ﬁrst step. Results
for choosing the upper HS bound in the ﬁrst step are denoted as HS+ ,
whereas HS− denotes results obtained by using the lower HS bound in
the ﬁrst step.
In order to compare simulation results with experimental data, the
eﬀective Young’s modulus is determined by

⟨𝔸∗ ⟩oa = 𝑏1 ℕ + 𝑏2 (𝑵 ⊗ 𝑰 + 𝑰 ⊗ 𝑵 ) + 𝑏3 (𝑵 □𝑰 + (𝑵 □𝑰 )𝖳𝖱
+ (𝑰 □𝑵 )𝖳𝖧 + (𝑰 □𝑵 )𝖳𝖱 ) + 𝑏4 𝑰 ⊗ 𝑰 + 𝑏5 𝕀S ,

(11)

with the coeﬃcients 𝑏1 = 𝐴∗1111 +𝐴∗2222 −2𝐴∗1122 −4𝐴∗1212 , 𝑏2 = 𝐴∗1122 −𝐴∗2233 ,
𝑏3 = 𝐴∗1212 + (𝐴∗2233 − 𝐴∗2222 )∕2, 𝑏4 = 𝐴∗2233 and 𝑏5 = 𝐴∗2222 − 𝐴∗2233 . A detailed description can be found in [28].
4. Results and discussion
4.1. Microstructure characterization
The ﬁber volume content of each plate, determined by means of thermogravimetric analysis, is listed in Table 3.
Results of the orientation analysis are illustrated three dimensionally
in Fig. 2. It can readily be seen that the ﬁbers are arranged in bundles
which are slightly dispersed on the surface of the sample. Fig. 3 depicts
the center slice of the same datasets in 2D. The principal orientation can
be seen and by comparing the color of the ﬁbers with the color wheel on
the lower right of the image, it is possible to judge about the reliability
of the algorithms.
The graphs in Figs. 4 and 5 show the components of the orientation tensors over the thickness direction. Since the 𝑧-component is very
small (𝑧−axis refers to the thickness of the specimen), only 𝑁𝑥𝑥 , 𝑁𝑦𝑦

̄ −1 [𝒅 ⊗ 𝒅 ])−1 ,
𝐸̄ (𝒅 ) = (𝒅 ⊗ 𝒅 ⋅ ℂ

(13)

cf. [51]. The vectorial direction 𝒅 is parametrized in spherical coordinates with respect to a unit sphere, i.e. 𝒅 = 𝒅 (𝜗, 𝜑) and ‖𝒅 ‖ = 1. The
quantities 𝜗 and 𝜑 denote the azimuth and the polar angle, respectively.
̄ is entirely deﬁned by additional
The linear elastic behavior and, thus, ℂ
determination of
1
̄ −1 [𝒅 ⊗ 𝒅 ])−1 .
𝐾̄ (𝒅 ) = (𝑰 ⋅ ℂ
3
4

(14)

A. Trauth, L. Kehrer, P. Pinter et al.

Composites Part C: Open Access 4 (2021) 100089

Fig. 3. Central plane over thickness of specimen 0◦1 (left) and specimen 90◦1 (right).

Fig. 4. Fiber orientation over thickness of specimen
is parallel to ﬂow direction).

0◦1

Fig. 6. Relative tensile modulus of elasticity of specimens extracted parallel
to ﬂow (0◦ ) determined with strain measurements of loading and unloading
portion, respectively.

(𝑦−axis of the specimen

Fig. 7. Relative tensile modulus of elasticity of specimens extracted perpendicular to ﬂow (90◦ ) determined with strain measurements of loading and unloading
portion, respectively.

Fig. 5. Fiber orientation over thickness of specimen 90◦1 (𝑦−axis of the specimen
is perpendicular to ﬂow direction).
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Fig. 8. Simulation results, computed by the HS− and the HS+ mean-ﬁeld method, compared to experimental data of the 90◦3 sample represented by the red dots.
The orientation-dependent eﬀective Young’s modulus 𝐸̄ (𝒅 ) is depicted in the 𝑥-𝑦–plane. The mean-ﬁeld method is formulated in terms of a variable parameter 𝑘 to
investigate the inﬂuence of the reference stiﬀness on the predicted elastic material behavior.

Fig. 9. Relative error between simulation results and experimental data for 0◦ and 90◦ samples for varying parameter 𝑘.

the HS− method shows a sensitive behavior regarding the choice of
parameter 𝑘.
In order to investigate the inﬂuence of the parameter 𝑘 on the effective elastic properties, the relative error between simulation results
and experimental data is shown in Fig. 9 for 0◦ and 90◦ samples. Herein,
only simulation results using the HS− method are considered. With increasing values of parameter 𝑘, the relative error decreases leading to
𝑘 = 1.0 as smallest deviation. The choice 𝑘 = 1.0 corresponds to using
the ﬁber stiﬀness as reference stiﬀness in the second homogenization
step. Thus, for the following investigations, the results are presented for
𝑘 = 1.0.
In Fig. 10, the relative error between the predicted and measured
Young’s modulus is shown for all samples considered. Here, the experimental data obtained by tensile tests is considered.
In the left diagram, the results are shown for the 0◦ samples whereas,
the right diagram shows the relative error for 90◦ -oriented samples. Considering all samples, the maximal relative error is nearly 18% whereas
the smallest deviation is about 3%. As already shown in Figs. 6 and 7,
the results with respect to the respective sample and the initial position

For a comparison with experimental data, here, only Young’s modulus is considered. Regarding the measured Young’s modulus, the corresponding eﬀective value is given by 𝐸̄ (𝜋∕2, 𝜋∕2) with respect to the
𝑦-direction.
In Fig. 8, the contour plots of the orientation-dependent Young’s
moduli of the 90◦3 sample are shown. The results are depicted with
respect to the 𝑥-𝑦–plane corresponding to {𝜗 = 𝜋∕2, 𝜑}. The left diagram shows the results for the HS− method, whereas the results obtained by the HS+ method are depicted in the right contour plot. Furthermore, the simulation results are shown for varying parameter 𝑘 between 0 and 1 in ﬁve steps. Considering the tensile tests, the experimental data is given with respect to the 𝑦-direction corresponding to
𝜑 = 𝜋∕2. Comparing the results for both methods, the HS− method yields
a more precise prediction with respect to the experimental data than
HS+ . This pronounced stiﬀ behavior obtained by the HS+ method is
caused by the ﬁber stiﬀness in the ﬁrst step. Since the phase contrast
between matrix and ﬁber material is comparably high, this behavior is
reasonable. Moreover, a more pronounced anisotropic behavior is computed for 𝐸̄ (𝒅 ) using the HS− instead of the HS+ method. Especially,
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Fig. 10. Relative error between simulation results and experimental data for all 0◦ and 90◦ samples and 𝑘 = 1.0.
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