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Flow Dependence of Spin Susceptibilities 
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Dieter Vollhardt~ and Kazumi Maki 
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The flow dependence of spin susceptibilities in superfluid 3He-A and -B is 
studied theoretically. It is shown that in the A phase XAII, the component of the 
static spin susceptibility parallel to ~, increases rapidly in the presence of mass 
current. A similar behavior is found for all components of ×B, the susceptibility 
tensor of the B phase. 

1. INTRODUCTION 

In a previous paper 1 we studied the superfluid density and the o rde r  
parameter of superfluid 3He in the presence of a uniform current. It was 
shown that the effect of the mass current is rather significant, primarily due 
to the large Fermi liquid correction. The object of this paper is to study the 
effect of the current on other physical quantities. The effect appears to be 
most accessible in the case of the spin (or magnetic) susceptibilities. In 
superfluid 3He-A in order to measure the flow-dependent susceptibility a 
special device is required, as under normal conditions only XA± (the 
component perpendicular to d) can be determined, z which is practically the 
same as the normal susceptibility Xn- (Note that in the absence of external 
constraint the d vector is perpendicular to the static magnetic field in the 
equilibrium configuration.) However, in the presence of a current parallel 
to a weak external magnetic field (i.e., the anisotropic magnetic energy has 
to be smaller than the dipolar interaction energy, which forces the ~ vector 
parallel to the /' vector--the flow direction), it is in principle possible to 
measure XAII. The latter susceptibility depends very sensitively on the flow. 
In superfluid 3He-B, on the other hand, it is shown that the spin suscep- 
tibility becomes anisotropic in the presence of a mass current. The 
considerable current dependence as well as the anisotropy in the spin 
susceptibility appear to be readily accessible. 
*Work supported by the National Science Foundation under grant No. DMR76-21032. 
tRecipient of a scholarship from the Studiehstl t'~T~ng des Deutschen Volkes~ 
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2. FORMULATION 

In order to calculate the spin susceptibility, it is most convenient to 
express it in terms of Green's functions. The effects of a uniform current are 
then easily incorporated by replacing the Green's functions by those in the 
presence of a uniform current. For the moment let us neglect the Fermi 
liquid corrections. Then the static spin susceptibility is in general a tensor 
and is given by 

(x°),j = - (Is. s3) = - - T z  4 ,, f d3p Tr [a,G(p, w,)aiG(p, w,)] (1) 

where a =(orlP3, O'2, O'3P3) are the spin operators and G(p,o~,) is the 
single-particle Green's function in the Nambu representation. For a general 
spin triplet p-wave condensate the Green's function in the absence of 
current is given by 

G-l(p, o , )  = iw, -~P3-  o'2(plAa +plAe) • a (2) 

where 
p2 

g:= ~mm -/-t, (~,1 +i&,2),. =AqO i, ~/= pi/p~ (3) 

and A ,  is the nine-component complex order parameter describing the 
triplet p-wave condensate. 

The expression (1) is further simplified. First, replacing d3p/(27r) 3 by 
N(O)(dO/4~r) d~, where N(O) is the density of states at the Fermi level (for 
one spin component), we can integrate over ~:. The trace sum is then easily 
worked out to give 

(R°)ii=N(O){r~q f dE'Re ~)]} (4) - j  ~ LO)2k*O)[~-  ?(T, 

where 

1 /3 d~: sech 2 U(~) = 1 -2~ 'T  Z A2(P) ~(T, ~) = ~ ~ 3/~ (5)  
~=o [ ,o .  + a (p)]  

is the Yosida function and 
/3 = 1/T, E(I~ ) = [~:~ + AZ(fi)] 1/2, ~, (fi) = A, (fi)/A(~) (6) 

So far we have neglected the effects of a uniform current. As already shown 
elsewhere, the effects of the current (still without Fermi liquid corrections) 
are incorporated by shifting iw,, by io2, + vsp~ cos O, where 0 is the angle 
between vs, the superfluid velocity, and the quasiparticle momentum and pz 
is the Fermi momentum. (Here we assume that vs lies in the z direction). 
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In order to include the Fermi liquid corrections, which have been 
neglected up to now, we proceed in two steps as follows: 

(1) vs in the Green's  functions has to be replaced by v * =  
vs(I+½Flqb)-I=s/pF. Here F1 is the usual Landau parameter and ~b is 
defined by pO/p _= 1-4~(s),  where po is determined by the expression for 

0 :g the superfluid current Js, J~ = ps v~, and p is the mass density of liquid 3He. 
(2) The susceptibility (X°)ii then has to be replaced by 3 

(x ) , ,  = (1 +¼Zo){X°(S)/[1 +¼ZoN(O)-lX°(s)]},i (7) 

where ¼Zo = Fg is the s-wave Landau coefficient for the asymmetric compo- 
nent. 

(X°)ij is still given by Eq. (4), but Y(T, ~) has now, because of step 1, 
been substituted by the (current-dependent) generalized Yosida function: 

I) I~(s, T, ~) = ½/3 d~ sech 2 {½/3[E(~)+s cos 0]} 

co A2(~) 
= 1 - 2rrT ,~--o Re [(~o, - is cos  0) 2 "~ me(p)] 3/e (8) 

2.1. 3He-A 
First let us consider the spin susceptibility in 3He-A. In 3He-A, A1 + 

iA2 is given by 

A = A 1 + ia2 = A(Ol + i~2)e3 (9) 

where we have assumed both the d and t vectors to point to the z direction, 
parallel to the current. Here  a and/" are unit vectors designating the spin 
component and the symmetry axis of the energy gap of the condensate of 
3He-A, respectively. Since the condensate in 3He-A has only the one spin 
component parallel to t], Eq. (4) in the presence of current reduces to 

(X°),j = N(0)[6,, - a, aj (1 - YA)] (10) 
where 

and 

( 
Ya = / IT"A(S, T, ~) 

J 

if0 ° 
17"A= 1/3 as c sechZ{½13[(~e + Az sin e o)a/Z+s cos 0J} (11a) 

oo A a sin 2 0 
= 1 - 2 r r T  ~ ° Re [ica. - i s  cos 0)2+A z sin e 0] 3/2 (alb)  
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Equation (10) tells us that (X°)ii has two diagonal components 

X° l  = N(0) and XOAII = N(0) YA (12) 

where X°± is equal to the normal liquid value. X°j_ is the sus~ptibility 
perpendicular to the ~] vector, whereas xOAil is that parallel to d. In the 
absence of any external constraint, d is perpendicular to the external field H, 
thus minimizing the magnetic anisotropic energy. Therefore under ordinary 
conditions only X° l  is accessible. However, in the presence of a large 
current, i is  aligned parallel to the flow direction Vs. Then, due to the nuclear 
dipole interaction, d is forced into the direction parallel to 1. In this situation, 
if a weak magnetic field parallel to d is used, it is in principle possible to 

0 measure XAIt. Making use of Eq. (7), we obtain 

(l+¼Zo)Y~ 
.~A2_ =/~/n and XAll G =X, 1 +}ZoYA (13) 

The parallel susceptibility XA]] decreases rapidly as the temperature 
decreases. 

2.2.  3He-B  

In 3He-B the static susceptibility tensor (X°)ii is again given by Eq. (4), 
where the order parameter is now a

aq=~3R#=~3[(cosO)6q+(1-cosO)nin j +eijknk sin®] (14) 

and n and ® are the axis of the rotation and the rotation angle of the spin 
components from the orbital components in the Balian-Werthamer conden- 
sate. 5 Under normal conditions the condensate is at the minimum of the 
dipolar interaction energy, which implies 0 = O0[=cos "1 (_1)]. With this 
general A~j, Eq. (4) reduces to 

with 

(15) 

IT"B(s, T, ~)= ½13 d~ sech 2 {½/3[(~:2 +A2) 1/2 +s  cos 0]} (16a) 

A 2
= 1-2¢rT Y~ Re 0)2+A213/2 (16b) =o [(to, - is cos 

In the presence of a relatively large current, it is likely that n is aligned 
parallel to vs in an open geometry. Then, since YB has azimuthal symmetry, 
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Eq. (15) can be decomposed into two components: 

o 2 dO P)] X. .  = N ( 0 ) [ ~ + I  ~ _  1 2 ~(sin O)I"B(s, T, (17) 

and 

X°,, = N(0){ 1 - I  -~-~ ~(c°s2 0)[1-  IT"B(S, T, P)]} 

2 df~ 2 fi)] = I  (cos 0)fo s, (18) 
J 

respectively. Here X°ll is the component parallel to n and X°± is that 
perpendicular to n. 

By means of Eq. (7) we obtain 

XB±=(1 1 o 1 o +~Zo){XBJ[1 +~Zo(XB±IX,,)]} (19) 
and 

XBII = (1 + , ~ o ) { X o l l / [ 1  1 o + zZoO(aJX,,)]} (20) 

3.  L I M I T I N G  B E H A V I O R S  

If we confine ourselves to limiting cases, the integrals reduce to simple 
expressions; however, to obtain results for the whole temperature range, 
numerical methods have to be employed. 

3 .1 .  T = 0 K  

At T = 0 K we can replace the frequency summation by an integral 
over n. Then Eqs. (12), (17), and (18), by means of Eqs. ( l lb)  and (16b), 
reduce to 

o f d12 s[ cos 01 s 2 XAI[= Re (21) X- J 47r [ ($2+ A 2) COS 2 0 --A2] 1/2 -- s 2 + A  2 

X°± 2 f d O 1  . 2 slcos0l 
X, - 3  ~-J ~--~-~(sln 0) Re(s 2 cos2 0-A2) 1/2 

2 1 - A I [ 1 -  

X. 3 ~- 0(s-A) 1+2 1 -  (23) 
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where O(x) is the step function 

0(x)= 1 for x_>0 

=0  for x < 0  
From these integrals we see immediately a that 

X°ll/X,, = 1 o -Os /P  in 3He-A 
and 

X°u . / x ,=  l - a  0 5ps/p in 3He-B 

at least at T = 0 K, where p° /o  is again defined by the superfluid current Js, 
0 , 0 Js = P s Vs, p s /p  being the reduced superfluid density in the case of F1 = 0. 

3.2.  T<< Tc 

At low temperatures (compared to To), we can carry out the angular 
integral of Eq. (4) first; then we have 

X°II/X. = l - 2 ~ r T  ~ Ja(w.) (24) 
n=0 

with 
A2 (Dn JA(OJn):(A2~2)3/2fcot-I((A2q_S2)I/2 ) OJn(~2-l-s2)l/2] ~ +--~2) ] (25) 

Then the frequency summation is carried out by making use of the Euler- 
Maclaurin expansion, so that 

/~'0AU, S 2 1 A2 ( 7 31  2 ) 
,]['n ~ ' ~ S  2 "°r- 3 A 2 "1- S 2 "~ + 1 "t- "i'5 '~ + -I" 3-'5 "~ + -~- 0 3"~ 3+ (26) 

with 7/+ = (rrT)2/(s 2 + A2). 
For 3He-B in most of the region of interest the energy gap is nonvanish- 

ing. We make use of Eq. (16a) and find the temperature-dependent cor- 
rections to be exponentially small: 

0 ~1 d_z 1 _ Z 2 i o  [~ ] XB ± = 2 +/3 d~: seeh 2 (E + sz)  
X. 3 2J-1 2 2 

2 /2~7S~/2AT_ 
~ 5 + 3 ~ = ~  z-) 7 [ c o s h  (~S)--(j~S) -1 sinh (/3s)]e -aa (27) 
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and 

x ° l i _ 2 + ~  1 dz 2 ~ 
"X-~--~ - 3 Zf-1 I0 d '  sech2 

2 _/27rT~ 1/2 
~ +  3~----~--) -~-ff{[2(13s) -~ +/3s] sinh (/3s)- 2 cosh (/3s)} e -~a 

with/3 = T -~. In the above derivation it is assumed that s --- A. 

(28) 

3.3. T = Tc 

Finally, in the vicinity of the transition temperature we can expand Eqs. 
( l lb)  and (16b) in powers of A 2. Keeping only the lower order terms, we 
obtain 

and 

o 
XAII=I_14 (2_~T) 2 124 (2_~T)2[(2__~T) 2 (2__~T) 2] X. ~-~'(3) +-ff--~'(5) + (29) 

o 7 ( 2 ~ )  2 ( 2 _ ~ ) 2 1 2 /  s ,2  1/  A ~2] 
X._L= l - J ( 3 )  +31~'(5) [ 5~2 -~ )  + 2 ~ 2 ~ )  ] (30) X. 

X°f,_l  7~.(3)( ~_~/2 A 2 6  S 2 1 A 2 

where, to lowest order in s, the order parameters are given by A 2= 
A~(T) -½s 2 and A2 = A2(T) - 2 s  2 for the axial and the isotropic states, respec- 
tively. 

We can see from the foregoing results that X°± <- o X~ll, which in fact is 
true for all temperatures 0 <- T <- To 

4. DISCUSSION 

The static susceptibilities XAI[, XBa_, XBI[ are evaluated numerically and 
shown in Figs. 1-3. In Fig. 1 the static spin susceptibility Xalt/X, of 3He-A is 
plotted as a function of So/(1 +½F1) for various reduced temperatures T/Tc, 
where So---VspF/A(s = 0, T =  0). Figure la shows the results for F1 = 0, 
Zo = 0 (no Fermi liquid corrections), while in Figs. lb and lc Fermi liquid 
corrections have been included: in Fig. lb, F1 = 6.04, Zo = -2 .69 and in Fig. 
lc, F1 = 15.66, Zo = -2.95. The above Fx and Zo correspond to P = 0 (no 
pressure) and melting pressure, respectively. 6 The dashed curves represent 
the critical velocities. In Figs. 2 and 3 the static spin susceptibilities XBJ_/X, 
and XBIt/Xn are shown, plotted in the same way as XAJX,.  We only represent 
results for flow velocities smaller than the critical velocity since for a higher 
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Fig. 1. The  static spin susceptibility XAtl/Xn of 3He-A vs. So/(l+½Ft) for several 
reduced temperatures.  (a) F1 = 0, Z0 = 0 (no Fermi liquid corrections). (b) F1 = 6.04, 
Zo = - 2 . 6 9  (corresponding to zero pressure). (c) F1 = 15.66, Z0 = - 2 . 9 5  (correspond- 
ing to melting pressure). The  dashed curves show the critical velocities. 
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Fig. 2. The  static spin susceptibility XB±/X, of 3He-B vs. So/(l+½F1) for several 
reduced temperatures .  (a) F t  = 0, Zo = 0. (b) F1 = 6.04, Zo = - 2 . 6 9 .  (c) F1 = 15.66, 
Zo = -2 .95 .  The  dashed curves show the critical velocities. 
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Fig. 3. The static spin susceptibility XBII/xn of 3He-B vs. So/(l+½Fx) for several 
reduced temperatures. (a) FI=O, Z o = 0 .  (b) F1=6.04 ,  Z o = - 2 . 6 9 .  (c) F1 = 15.66, 
Zo = -2 .95.  The dashed curves show the critical velocities. 
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Fig. 3. Continued. 

superfluid velocity we do not expect a homogeneous situation. As in the case 
of the superfluid density, the Fermi liquid corrections are very important. 

In superfluid 3He-B, we may think of two typical experimental setups, 
one where the external magnetic field is parallel and another where it is 
perpendicular to the flow direction vs. When the external field is parallel to 
v~, the measured susceptibility is X~ll, since in this situation the n vector is 
parallel to the external field (the rotation of the spin coordinate by an angle 
O0 does not change the situation). When the external field is perpendicular 
to the flow (the field being weak enough so that the anisotropic magnetic 
energy is smaller than the dipolar interaction energy, which forces fi and H 
to be parallel), then the n vector is perpendicular to the external field, and 
the rotation of the spin coordinate again mixes the perpendicular 
components only. Therefore in this case the measured susceptibility should 
be XB=. 
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