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1. Introduction

Over the past six decades, composite materials have become a go-to
material to a variety of industries that span from aerospace, automotive,
oil and gas to electronics, medical devices and sports. Such wide
applicability is partly because of the variety of architectures that the
composites offer. A composite material usually consists of a discontin-
uous reinforcement phase distributed within a continuous medium
called matrix [1]. This reinforcement phase can be particles of various
shapes and sizes, fibers or whiskers. An exception to this definition is a
type of composite called interpenetrating phase composite (IPC). In
these composites, both the phases are continuous and hence cannot be
differentiated into matrix and reinforcement. [2] showed through sim-
ulations that as the volume fraction of a particular phase is increased
beyond a specific value, it transforms from a discontinuous phase to a
continuous phase. As this occurs, its contribution to the overall prop-
erties of the composite increases significantly. Since IPC has two or more
continuous phases, it can possess two contradicting properties that its
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constituents do not possess in isolation. A popular method to manufac-
ture such a composite is to produce an open porous preform which is
then infiltrated by a molten metal [3] among others. The manufacturing
method and microstructure of this preform are highly important factors
as they govern the final distribution of phases within the composite.

The overall objective of this article is to develop a numerical method
of quantifying the microstructure of ceramic preform from its CT im-
ages, followed by numerical reconstruction of its microstructure using a
novel procedure. The effective elastic properties of the numerically
reconstructed microstructure will be calculated and compared with the
experimentally determined properties to evaluate the accuracy of the
developed method. The numerically reconstructed microstructures have
high utility as they can be used to create variations of microstructures
for studying the material as well as for microstructure optimization
studies.

This preform is also called foam because of the physical appearance
of its microstructure. The material of interest in the present work is a
ceramic foam manufactured via a slurry route [3]. The foam
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microstructure is highly porous with voids (pores) resembling spheres
that are connected to each other. Torquato et al. [4,5] described in detail
the various statistical functions that can be used to quantify the micro-
structure of heterogeneous materials. These functions are n-point cor-
relation functions each uniquely describing the distribution of phases
within the material. In this work, the pores in the foam were charac-
terized by isolating them using image processing algorithms. They were
then studied to check their resemblance to spheres. The statistical
functions were used to describe the distribution of pores within the foam
sample.

In order to evaluate the effective elastic properties of the foam, it is
important to determine the appropriate size of a volume element (VE)
within the sample that can act as a statistical volume element (SVE). In
this study, statistical functions were used to determine this size by
dividing the sample into smaller volume elements of different sizes and
calculating these functions for each of these volume elements. The study
of effect of ensemble averaging and sample enlargement on these
functions led to determination of an appropriate size of a VE that can act
as a SVE of the foam material.

Ensemble average of the effective elastic properties of this SVE can
give a good estimate of the effective properties of the entire material
sample in question. But this will lead to considerable computational
expenses as number of VE realizations for selected SVE size would be
large. To reduce this number, a ranking method was developed in which
the VEs were ranked based upon how close their statistical functions are
to that of the entire sample. Based upon this, a relatively small number
of VEs were selected for averaging.

In the next step, a reconstruction algorithm was developed so as to
artificially create a microstructure that matches the real microstructure.
A Review article [6] described in detail the variety of reconstruction
procedures ranging from the traditional optimization based to recent
ones based on machine learning and pattern recognition. The method
developed in the present article is loosely based on the Yeong-Torquato
(YT) method [7]. The YT method is an optimization method with an
objective to match the statistical functions of the reconstructed and
target microstructures. In this method, the microstructure is represented
in the form of an image (a pixel matrix) and perturbation in each opti-
mization step in achieved by switching the pixel positions of dissimilar
phases. The method developed in the present article represents pores as
idealized spheres and the perturbation is achieved by changing the po-
sition of entire pores rather than the individual pixels (as defined in [7])
that construct the pores. The reconstruction method is summarized in
following steps: a) selection of target microstructure; b) approximation
of pores into idealized spheres in the target microstructure; c) calcula-
tion of statistical functions of the target microstructure; d) creation of
initial microstructure by random distribution of spheres (spherical
pores) into a blank space; e) definition of an objective function that
quantifies the difference in statistical functions between the target and
the reconstructed microstructures; f) perturbing the microstructure by
changing the position of entire spheres followed by calculation of the
objective function. The iteration was accepted with a probability defined
by the simulated annealing method. The target size distribution of the
pores and their volume fraction were chosen as constraints in the opti-
mization method which prevented the generation of microstructure that
differed in these quantities with the target microstructure. The use of
constraints and the chosen method of perturbation led to increased
speed of optimization as compared to the traditional YT method. Such a
tool can allow us to create an ensemble of statistically equivalent mi-
crostructures which can be further used in numerical determination of
effective material properties. The microstructure of one of the selected
SVEs from the ranking algorithm was chosen as a target microstructure.
In this work, an ensemble of microstructures was reconstructed so as to
derive averaged statistical information about them.

Finite element methods are widely used for evaluating effective
material properties of heterogeneous media. The ensemble of VEs
selected from the ranking method were meshed and mixed uniform
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boundary conditions [8] were applied to determine effective linear
elastic stiffness coefficients of each VE. Following ensemble averaging,
the averaged effective elastic properties of the real foam sample were
determined. The same steps were performed on the reconstructed mi-
crostructures to determine their effective linear elastic stiffness co-
efficients. These coefficients obtained from both the methods were
compared to the ones determined experimentally using ultrasound
phase spectroscopy [3]. The comparison shows that the statistical
functions can be used to define appropriate size of SVEs and the ranking
method helps to reduce the computational effort which would have
otherwise required. It also validates the accuracy of the reconstruction
procedure.

The article is organized into following sections: Section 2 describes
the ceramic foam material and image processing steps performed on
microcomputed tomography (uCT) scans of the foam sample, segmen-
tation of pores and their shape study. Section 3 includes definition of
statistical functions and their evaluation for the entire material sample.
Section 4 describes the procedure to select appropriate size of SVE fol-
lowed by the ranking method. Section 5 describes in detail the recon-
struction algorithm. Section 6 covers the results of this algorithm.
Section 7 describes the finite element calculations to determine effective
elastic properties followed by comparison with experimental results.
The discussion on the entire procedure is in section 8 followed by con-
clusions in section 9.

2. Ceramic foam and image processing

Horny et al. [3] described manufacturing and testing of the ceramic
foam sample. This article was co-authored by one of the co-authors of
the present article. In this article, density of three different foam samples
(each with volume approx. 90 cm®) were measured. The average density
of the three samples was 1.01 g cm~3. The stiffness coefficients of
multiple samples of foam (VA 5 x 5x5 mm?®) were experimentally
determined by using ultra-sound phase spectroscopy. The measurement
of velocity of an elastic wave propagating through the material was
repeated three times for each orientation of each material cube and then
averaged. The resulting stiffness coefficients obtained were C;; = 30.2
GPa, Cy; = 29.8 GPa, C33 = 28.5 GPa, C44 = 7.2 GPa and Css = 6.7 GPa.
Three cubic samples (V= 5 x 5x5 mm?) were scanned using X-ray
computed tomography. In order to avoid artifacts like beam hardening
on the boundaries of the cubic sample, a smaller sample (V ~ 1.89 x
1.76 x 1.94 mm?) from the interior of each larger sample was selected.
Out of these three smaller samples, one was used in the present work to
study microstructure of the foam material. Note that even though article
[3] displayed stiffness results of only one representative sample, the
stiffness measurements were performed on multiple samples and were
found to be similar to each other. Hence, this was indication that the
preform material is homogeneous and only one CT sample is represen-
tative of the entire material.

The pCT data is a series of grayscale cross-sectional images of the
foam that were stacked one on top of other to form a 3D volumetric map.
Further, any noise present in the sample was removed using a median
filter. This was followed by binarization of the 3D image by determining
a global threshold in terms of a scalar luminance value. This value was
determined iteratively by altering the threshold value such that after
binarization, the final porosity (pore volume fraction) obtained by
counting pore pixels matched to that obtained by experimental mea-
surements. The porosity of the foam sample obtained by density mea-
surements was 74.5 % [3]. After binarization, a 3D image with pore
regions marked as ‘0’ (black color) and ceramic region marked as ‘1’
(white color) was obtained. In the last step, an area opening operation
was performed in which all the connected regions of ceramic phase
having volume less than 10 pixels were removed. This removed any
hovering ceramic regions lying within the pore phase. The resulting
image is shown in Fig. 1a.



Fig. 1. a) Binarized 3D image before segmentation and b) after segmentation.

Fig. 1a shows that the pores are interconnected to each other. In
order to isolate them, a segmentation method called watershed algo-
rithm [9] was utilized. Fig. 1b shows the segmented image. The pores in
Fig. 1b were studied individually to calculate their volume and sphe-
ricity. Sphericity quantifies how close the shape of the pore is to that of a
sphere. It is defined as the ratio of surface area of an equal-volume
sphere to the actual surface area of the pore [10]. Its expression is
given as:
w= 7" (6v,)" /a, . o)
Where, V, is volume of the pore and A, is its surface area. Fig. 2 shows
cumulative distribution of pore sphericity with pore volume fraction.
Pore volume fraction is defined as volume fraction of a particular pore
with respect to all the pores present in the material sample. Note that
since complete information about the pores that laid at boundary of the
sample was not available, only the pores that were completely
embedded within the sample were considered in this study. It can be
seen from Fig. 2 that all the pores have sphericity greater than 0.75.
Also, 10 % of the pores have sphericity below 0.84, which means
remaining 90 % of the pores (grey region in Fig. 2) have sphericity
greater than 0.84.

Fig. 2. Cumulative distribution of pore sphericity.
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3. Microstructure studies using statistical functions

In the theory of modelling random media, a wide variety of statistical
functions have been used to define the distribution of phases within the
heterogeneous medium [5]. This section describes five such functions
that are employed in this article.

3.1. Two-point correlation function

Consider a n-dimensional 2 phase microstructure in which phase i
occupies volume V;. An indicator function is defined such that:

i 1 xeV;
(@) — i
M(x) = {0 othervise. @
The two-point correlation function is expressed as:
S, x0) = (19(x) 19(x,) ) 3

It is defined as the probability of finding two points at positions x;
and x, in the same phase in the medium. The brackets indicate ensemble
average. For statistically homogeneous and isotropic medium, the two-
point correlation function depends only on the magnitude of the dis-
tance between the two positions defined asr = |x; — x»|. Hence it can be
expressed in the form S,(r). This function gives an indication of the
distribution of the phase within the medium.

3.2. Two-point cluster correlation function

It is defined as the probability of finding two points at positions x;
and x; in the same cluster (region of connected pixels of the same color)
of the phase of interest in the medium. For statistically homogeneous
and isotropic medium, this function depends only on the magnitude of
the distance between the two positions defined asr = [x; — x2|. Hence it
can be expressed in the form C,(r). This function is a superior descriptor
in the sense that it gives an idea of the connectedness of the phase of
interest [11].

3.3. Lineal path function

It is defined as the probability of finding a line segment spanning
from x; to x; that lies entirely in the phase of interest. The function
contains some connectedness information along the lineal path (length
of the segment) and hence contains certain long-range information
about the medium. For statistically homogeneous and isotropic medium,
the lineal path function depends only on the magnitude of the distance



between the two positions r = |x; — x2|. Hence it can be expressed in
the form L(r).

3.4. Pore size distribution function

The pore size distribution function, P(§) is defined in such a way that
P(5)ds is the probability that a randomly chosen point in the pore phase
(any phase of interest) lies at a distance between & and & + d§ of the
nearest point on the pore-solid interface. This function contains
connectedness information about spherical regions in the pore phase. It
can only be obtained from 3D images of the medium.

3.5. Cumulative pore size distribution function

It is defined as the probability F(5) of a sphere of radius 6 having its
centre in the pore phase lie entirely in the pore phase. It is the fraction of
the pore space that has pore diameter greater than §.

If the medium is isotropic, it is sufficient to calculate S, (r), C2(r) and
L(r), only in the orthogonal directions [4]. This reduces the computa-
tional costs drastically as compared to the brute force method in which
these functions are calculated at all pixel positions and in all the di-
rections within the material sample. Pore size distribution function can
be directly evaluated by calculating the Euclidean distance transform of
a binary 3D image. For calculating cumulative pore size distribution
function, at each element position of this transformed matrix, all the
values of § from its minimum possible value to the assigned value at that
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position are binned together and further normalized by the total number
of pixels in the phase of interest.

For the foam sample in question, all these functions along with
volume fraction were calculated using the above-described methods to
study the distribution of the pore phase. Note that from here onwards
the binary image before segmentation was used. The results are shown
in Figs. 3a-3d. The volume fraction of pore phase was 0-745.

It can be seen from Fig. 3a that for the selected microstructure, there
is no difference between two-point correlation function and two-point
cluster correlation function. Hence in the remainder of the article,
cluster correlation function will not be used for studying the micro-
structure. Similarly, it was decided not to use pore size distribution
function (Fig. 3¢) as cumulative pore size distribution function (Fig. 3d)
was smoother and contained all the required information about the pore
phase that will be needed further. In order to check the isotropy of the
foam sample, the functions S(r) and L(r) were calculated individually
along each orthogonal direction and plotted to check if these functions
vary in different directions. The results are shown in Fig. 4a-b.

4. Selection of SVE

The foam sample in this study was too big to be directly used in any
finite element (FE) calculations. Hence appropriate size and position of a
smaller volume within the sample had to be chosen for further use in FE
calculations. A standard way to determine effective material properties
of heterogeneous materials is to identify a ‘representative volume
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Fig. 4. a) Two-point correlation function and b) Lineal path function in three orthogonal directions.

element (RVE)’ within the material sample that is representative of the
material microstructure. A representative volume element (RVE) is the
smallest material volume that is big enough in comparison to the size of
the heterogeneities present in it such that it possesses all the statistical
information of the material at large. As such the effective elastic prop-
erties determined from it are independent of its size and the boundary
conditions used to determine them. [12] described in detail the condi-
tions for which RVE exists and the method to determine its size. This
article used Chi-square criterion to determine statistical scatter in
effective elastic properties of volume elements of different sizes. The
minimum volume element size with acceptable Chi-square coefficient
was defined as RVE. [13,14] used another method to determine size of
RVE in which kinematic and traction boundary conditions were applied
to determine effective stiffness coefficients of volume elements of
different sizes. The volume element size that gave comparable results to
both boundary conditions (results independent of boundary conditions)
was used as RVE. Since in many cases, RVE is too big (with respect to the
morphological features embedded in it) to be used in simulations,
smaller volume elements called ‘statistical volume elements’ (SVEs) are
used instead. [15] described in detail the use of volume elements smaller
than a ‘representative volume element’ in determining bounds on
effective elastic properties of the material. SVEs can be used to deter-
mine the effective elastic properties of the material provided a suffi-
ciently large ensemble is created. Ensemble average of effective elastic
properties of these SVEs represent the elastic properties of the material
at large. In this section, appropriate size and number of SVEs were
determined by studying the effect of volume element size on the sta-
tistical functions of the realizations.

4.1. Size of SVE

To determine appropriate size of SVE, the foam sample was divided
into smaller regions and statistical functions of realizations of each size
were calculated. Fig. 5 shows different sizes considered in this study.
Note that each volume element (VE) is cuboidal in shape. For ease of
representation, it is shown in two dimensions in the figure.

Table 1 shows edge length of each VE size in terms of edge length of
the entire sample (size 6). Realizations of sizes 1, 2, 3 and 4 were formed
by shifting the VE domain one edge length at a time in all three di-
rections. Realizations for size 5 were formed by considering 2 re-
alizations in each direction such that all the sample space was utilized.
The number of realizations of each VE size are shown in Table 1. Since
the VEs are statistical in nature, the number of realizations in ensemble
of each VE size play a vital role in determining any fruitful conclusions
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Fig. 5. Different sizes of VEs.

Table 1
Dimension and number of realizations of each VE size.

VE Size Relative edge length No. of realizations
1 1/16 4096
2 1/8 512
3 1/4 64
4 172 8
5 3/4 8
6 1 1

from the VEs. The Fig. 6a—d show the effect of number of realizations in
the ensemble of each VE size on averaged statistical functions. To do
this, an inverse of porosity and Euclidean norm of statistical functions
was calculated for all realizations of all VE sizes. Then, ensemble
average of these values was taken by increasing one realization at a time
into averaging. The value on Y-axis is inverse of porosity (Fig. 6a) and
inverse of Euclidean norm of each statistical function (Fig. 6b—d) of each
VE. Since sample size (number of realizations) in ensemble of each VE
size was different, the sample size plotted on X-axis was normalized with
respect to the total number of realizations of each VE size.

Fig. 6a—c show that for each VE size, the ensemble average value of
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Fig. 6. Effect of sample size on inverse of a) porosity; norm of b) two-point correlation function; c) lineal path function and d) cumulative pore size distribution
function for each VE size. Note that sample size is the normalized number of realizations in each VE size.

inverse of porosity, inverse of Euclidean norm of two-point correlation
function and lineal path function approached the value of the size 6
(entire material sample) as the sample size was increased. It reached the
value of size 6 at sample size value of 1 (i.e., when all the realizations in
each VE size were considered). Since the number of realizations increase
as VE size decreases, a greater number of realizations were needed in the
ensemble average to reach the value of entire sample as the VE size was
decreased. Fig. 6d shows that the ensemble average of inverse of cu-
mulative pore size norm converged to that of the entire material sample
from size 3 and above. A statistical volume element is the one which is
representative of the foam material is a statistical sense. Furthermore, its
size should also be manageable for the available computational re-
sources. Considering these criteria, VEs of size 3 were chosen as statis-
tical volume elements (SVESs). It is because, for this size, the ensemble
average of all the four statistical functions converged to that of the entire
sample (Fig. 6a-d) and it gave results with acceptable computational
expenses.

4.2. Ranking of SVEs

The previous section justified the use of VE size 3 as SVE in further
calculations of effective elastic properties. A straightforward way to
calculate effective properties of this material is to calculate effective
properties of all the realizations in the ensemble of VE size 3 and then
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calculate ensemble average of the effective properties. However, this
would incur significant computational expense. The ranking method
adopted here uses statistical functions to reduce the number of re-
alizations used in ensemble averaging. Here, a quantity 5, was defined
for each a'" statistical function of each SVE as shown in Eq. 4. f*(r) is a
statistical function of n™ order and type a. For each SVE, functions
porosity, Sz(r), L(r) and F(5) were evaluated (so a = 1-4). f:(r) is the
corresponding statistical function of the entire sample (VE size 6). These
SVEs were then rearranged in ascending order of this value and plotted
in Fig.7a—d.

S HERYAC)

S

Ny = x 100 % (€]

Fig. 7a—d show that for each statistical function, the ranking of SVEs
is different. Hence it was decided to select those SVEs whose values lie
within 5% for all statistical functions. 5 SVEs were obtained that satis-
fied this criterion. They were SVE no. 14, 17, 30, 44 and 58. Hence,
instead of using all 64 realizations of the SVEs, these 5 SVEs were
selected for ensemble averaging of effective elastic properties as these
were the closest to the entire sample as far as statistical functions are
concerned. The binary images of these five SVEs are shown in Fig. 8a-d.



Fig. 7. Ranking of 64 SVEs for a) porosity; b) two-point correlation function; c) lineal path function and d) cumulative pore size distribution function.

a)

d)

Fig. 8. Binary images of a) SVE 14, b) SVE 17, ¢) SVE 30, d) SVE 44 and e) SVE 58.

5. Microstructure reconstruction

One of the most widely used microstructure reconstruction proced-
ure is the Yeong-Torquato method [7]. It is an optimization method in
which a microstructure is represented as a 3D image. The objective of
the optimization is minimization of an energy functional that aims to
reduce the difference between the statistical functions of reconstructed
image and the target image. The reconstruction starts with random
distribution of pixels that represent the phase of interest. In each itera-
tion, the image is perturbed by changing the position of these pixels. The
optimization uses simulated annealing method to minimize the objec-
tive function. This method is robust but extremely time consuming [16]
because the number of iterations needed are generally of the order of
tens of thousands. It also requires creation of huge matrices to store the
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pixel-pixel distance relations. These restrictions limit the use of this
method to small material samples and availability of significant
computational resources.

A variety of microstructure reconstruction procedures exist that are
specifically suited to microstructures made up of morphological features
that can be approximated by geometric shapes (e.g., spheres, ellipsoids,
etc.). Microstructure constructed by random sphere packing was used to
represent material of fuel cell electrodes in [17]. A nearest neighbour
descriptor-based methodology was utilized in [18] to build micro-
structure of 3D polymer nanocomposites using idealized ellipsoids. In
[19], the catalyst layers of fuel cells were reconstructed using idealized
spheres of equal radius in a simulated annealing-based optimization
procedure. Apart from using spheres of equal radius, this article used
trial statistical function as objective function.



The reconstruction procedure developed in the present article is
based on Yeong-Torquato method [7] but uses idealized spheres to
model the pores along with using actual distributions of sphere radii
obtained from target microstructure. The statistical functions of target
microstructure are calculated as described in section 3.

5.1. Detailed steps of microstructure reconstruction

5.1.1. Step 1. Selection of target microstructure

Target microstructure is the intended microstructure that the
reconstruction procedure is supposed to generate. In this study, SVE 44
(Fig. 9a) was chosen as a target microstructure. Note that SVE 44 doesn’t
have any specific advantage over the other four SVEs selected from the
ranking method. All the 5 SVEs are part of a reduced ensemble and
hence any of the five SVEs could be selected as target microstructure.
This microstructure/image was segmented so as to isolate each pore
present in it. The resulting image is shown in Fig. 9b.

5.1.2. Step 2. Approximation of target microstructure

Since, it was observed in section 2 that most of the pores in the foam
sample have very high sphericity, each pore in Fig. 9b was approximated
as a sphere. Fig. 10a shows a typical pore and Fig. 10b shows the same
pore represented by a sphere. Each sphere was created in such a way that
its centre be located at the centre of mass of the actual pore and its
volume was same as that of the actual pore. A cross-sectional image of
microstructure with dark circles representing approximated pores is
shown in Fig. 10c. The pores at the boundary were not considered here
as there was not enough information available about these pores so as to
model them as spheres. Further, a histogram showing size distribution of
spheres (approximated pores) is plotted in Fig. 10d. It shows probability
of occurrence of each sphere as a function of its radius in SVE 44.

5.1.3. Step 3. Statistical functions of target microstructure

The statistical functions along with porosity were determined for the
microstructure of SVE 44 (microstructure before segmentation).

Three statistical functions namely 2-point correlation function, 2-
point cluster correlation function and lineal path function were
selected in this study. These functions are plotted in Fig. 11a-b.

5.1.4. Step 4. Generation of initial microstructure

In this step, an initial image of the microstructure was created. It
started with a blank image and a finite number (say p) of spheres were
inserted into the image. Let k, be a vector that stores the probability
values of the histogram chart (Fig. 10d). The size of this vector is the
number of bins present in the histogram. Let P, store the number of
spheres present in each bin (indicated by average radius value of that
bin) of histogram when a total of ‘p’ spheres are to be placed inside the
image. The vector P, is defined as,

(5)

The locations of these spheres within the image were selected
randomly. In order to prevent the spheres from excessively overlapping
with each other, a tuning parameter named ‘f,,” (fraction of overlapped
radius) was defined. When each sphere (of radius r) was being placed
inside the image, its centre was placed at least at a distance of [ (I = (1 —
for)T) from the spheres that were already inside the image. This pre-
vented the spheres from overlapping too much into each other. f,, is a
tuning parameter which was decided by comparing the lineal path en-
ergy difference between the initial and target image. The f, corre-
sponding to least difference in this function was selected. The lineal path
function was selected for this because it defines the connectivity of the
phase and the parameter f,, affects this property by keeping the sphere
centres at a certain distance away from each other. The definition of
parameter ‘f,.’ is depicted in Fig. 12.

From second iteration, the total number of spheres to be added to the
image were calculated as follows.

P, =h,p

n' = n'~' 4+ psuch thati =2, 3, 4, ---

Pi=h,n 6

S

Note that for i = 1, n' = p. The vector N stores the number of
spheres present in each bin to be added to the image in i*" iteration. This
way as n' increases, the pores having radius with very less probability of
occurrence also get added into the image. The iterations were repeated
till the volume fraction of the pores in the reconstructed image matched
that of the target image. This concluded the creation of the initial image
or initial microstructure. Note that, because of the constraint imposed by
using ‘f,.’, the bigger spheres might not get inserted into the image as
there might not be enough space available. This problem was solved by
selecting a very high value of ‘p’ during first iteration and inserting the
spheres starting with the highest radius first. Due to this, the volume
fraction of pores reached close to that of the target image in the first
iteration itself and very few iterations were needed thereafter. Note that
use of size distribution of pores in assigning radius to the inserted
spheres makes sure that the pores in the image always follow the target
size distribution.

5.1.5. Step 5. Definition of energy functional
At this stage, an energy functional was defined. Let f¥(r) be a sta-

tistical correlation function of n order and type « for the reconstructed

image. ]A‘Z(r) is the corresponding function of the target image. The en-
ergy functional E [7] is defined as,

b)

Fig. 9. a) Binarized 3D image of SVE 44 before segmentation and b) after segmentation.
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Fig. 10. a) A typical pore; b) pore approximated as sphere; c) cross-sectional microstructure image with dark circles representing pores; d) size distribution

of spheres.
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In this study, the three statistical functions described in step 3 were
selected (Hence, a = 3). An optimization problem was defined in which
at the end of each iteration, the energy functional was calculated. The
optimization method chosen is called simulated annealing method. It
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a) Two-point correlation function and Two-point cluster correlation function; b) Lineal path function of SVE44.

was originally proposed by Kirkpatrick et al. [20] and has been exten-
sively used for image reconstruction procedures [6]. In this method, the
iteration is accepted with the probability of acceptance, P defined as,

1 AE<O0

exp(—AE/T) AE >0 ®

P(AE) = {



Already present spheres

!

/
-5

New sphere

o

Fig. 12. Diagram explaining use of f,. Note that [ = (1 — fo)-r.

where AE = Eyy — Eoq and the parameter T at i iteration is governed
by the schedule defined by,

T(i) = ToA 9
Where, Ty is the initial value of T defined such that the probability of
acceptance is 0.5. 1 is a constant whose value was chosen close to unity.
The schedule of T was defined in such a way that initially more iterations
with AE > 0 were accepted. As the number of iterations increased, the
chances of acceptance of such iterations decreased and the chances of
acceptance of iterations with AE < 0 increased. Accepting the iterations
with AE > 0 prevents the optimization algorithm from trapping into
local minima.

5.1.6. Step 6. Perturbation of microstructure

In each iteration, the microstructure needs to be perturbed. This was
done by randomly selecting a finite number of spheres (say f) and
changing their positions randomly by placing their centres in the region
occupied by the other phase. The constraint of ‘f,.” was applied in this
case too. If there was no space in the region of the other phase to
accommodate the selected sphere, it was placed back to its original
position. Once this was done, the porosity was checked. If it was less
than that of the target image, new spheres were added into the image by
following the logic explained in Step 4. If the volume fraction was more,
spheres were removed from the image by following the same logic. Once
the new microstructure was created, the energy functional was calcu-
lated and was accepted with the probability mentioned in Step 5.

The iterations were continued until the termination criteria was met.
This was defined in such a way that if AE < AE” then the algorithm was
terminated. If not then, when number of iterations, Njs = N” then the
individual statistical functions were compared with the target ones. If
these were found to be acceptable, then the algorithm was terminated.
The entire optimization procedure is depicted in a flowchart in Fig. 13.
The reconstruction process described here converges much faster than
the traditional Yeong-Torquato method [7]. This is because, the initial
image was not a random distribution of pixels as it is with
Yeong-Torquato method. Here, the initial image had the same physical
descriptors (size distribution of pores and porosity) as that of the target
image. Moreover, during optimization, in each iteration, these quanti-
ties were maintained the same. Hence, they act as constraints to the it-
erations and doesn’t allow the reconstructed image to divert too much
from the target image. Also, the image perturbation was not achieved by
pixel switching as it is with Yeong-Torquato method but by changing the
locations of entire pores. So, the change in energy functional achieved in
each iteration was significant.

5587

Fig. 13. Flowchart indicating steps followed in optimization procedure.

6. Results of microstructure reconstruction

At the end of optimization, the reconstructed microstructure ob-
tained is shown in Fig. 14a. A better visual comparison between the
reconstructed and the target microstructure can be achieved by looking
at cross-sections of the two microstructures (Fig. 14b-c).

Note that, the target microstructure had dimensions 165 x 177 x
184 (in pixels) while the reconstructed microstructure was created a
little bigger and having equal sides with dimensions 200 x 200 x 200.
The constant parameters chosen for the optimization procedure are
given in Table 2. The energy evolution with iterations is shown in
Fig. 15a. The iterations were stopped after 400 iterations because the
energy functional had achieved acceptable value as defined in Table 2.
The point at which the optimization process should be stopped depends
on how closely the statistical functions of the reconstructed micro-
structure should match to those of the target microstructure. In the
current case, it was observed that below AE" < 0.001, the statistical
functions were closely matched and further continuation of the opti-
mization did not lead to any meaningful benefits. The statistical func-
tions of both microstructures are shown in Fig. 15b—d. The histograms of
size distribution of pores are shown in Fig. 15e. An ensemble of 10 such
reconstructions was created. They were further used to calculate the
effective elastic properties.



Fig. 14. a) Reconstructed microstructure image; cross-sectional view of b) reconstructed and c) target microstructure.

Table 2
Constants of optimization.
Parameter Value
P 10
for 0.4
A 0.95
B 100
AE" 0.001
N 500

7. Determination of effective elastic properties

Determination of effective properties of a heterogeneous medium is
based upon the idea that a heterogeneous medium can be converted into
a homogeneous medium by utilizing the conservation of energy prin-
ciple. The criteria given by Hill [21] needs to be satisfied:

€)= (o) : (e).

It states that average of the scalar product of stress ¢ and strain €
tensors over the heterogeneous medium should be equal to the scalar
product of their individual averages. Using Gauss theorem, this condi-
tion can be generalized for heterogeneous materials [8] as:

(6 : 10)

/(t(x) — ()n)-(u(x) — (e)x) dC =0 . an

r

I' is boundary of a VE and ¢, n, u and x are the traction, normal,
displacement and position vectors respectively. This condition is satis-
fied by three types of boundary conditions [22,23] namely kinematic
uniform boundary condition (KUBC), stress uniform boundary condition
(SUBC) and mixed uniform boundary condition (MUBC). [24] showed
that KUBCs and SUBCs give bounds to the apparent stiffness tensor (C):

CSUBC S C{VIUBC S CKUBC . (12)
Also,
Csypc < Cop < Cxupe 13)

C.y is the exact effective stiffness tensor of the heterogeneous medium.
Since periodic boundary conditions (PBCs) give exact effective stiffness
tensor of periodic microstructures, [8] showed that the periodically
compatible mixed boundary conditions (PMUBCs) give effective stiff-
ness tensor for non-periodic microstructures that match closely with that
obtained by applying PBCs on the same sample by converting it into
periodic. This conversion was done by mirroring the non — periodic
sample about its three orthogonal planes. These PMUBCs were utilized
in this article so as to obtain effective stiffness tensor of the selected SVEs
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and the reconstructions.
The SVE problem is defined as:

divie) =0 in Q, Q indicates interior of a VE a4
The boundary conditions should satisfy:
(6 : €)= (o) : (e). (15)

The coordinate system, dimensions and nomenclature of faces of I'
are given in Fig. 16.

Finite element method was utilized to solve this problem. A com-
mercial software ABAQUS [25] was used for this purpose. Each micro-
structure image was meshed using linear tetrahedral elements such that
the ceramic phase was meshed and the pore phase was kept unmeshed.
The elastic material properties of ceramic (alumina) [3] were taken as E
= 360.5 GPa and v = 0.2. The effective stiffness tensor C satisfy the

following equation:
6=C :¢ (16)

Writing in terms of the respective components, taking into account
the symmetries of the tensors and using Voigt notation:

G Ci Cn Ci Cuy Ci5 Ci €11

02 Coy Cpn Gy Gy Cps Cy €

G35 | _ Gy G Gy Gy GCss Cse €33 a7)
Ci2 Cyi Cp Cuy3 Cy Cys Cye 2gy,

023 Csi Csp Cs3 Csy Css Css 253

631 Csi Coo Ce3 Cos Cos Ces 2e3,

PMUBGCs are shown in Table 3. Note that 1 - x,2 - yand 3 - zin
the description of boundary conditions. In the FE simulations, six load
cases were defined. In each load case, one strain component with value
0.001 was applied according to Table 3. The corresponding stress tensor
was calculated as average stress over the VE using:

<o>= L / o(x)dV (x). a18)
V!_)
Q

From the results of each load case, each column of stiffness tensor
was calculated. The FE mesh of SVE 14 is shown in Fig. 17. To apply
boundary conditions, all the nodes that lie on each face of the SVE were
selected and their degrees of freedom were constrained according to
Table 3. The results of the FE simulations for the five selected SVEs
obtained from section 4.2 are given in Table 4. The unit of stiffness
coefficients is GPa. It also contains the results of experimental mea-
surements of the same material referred from [3]. Only the diagonal
components of the stiffness matrix (Eq.17) are displayed in Table 4.

Table 5 shows results of the FE simulations for the ten reconstructed
microstructures. Their ensemble average and the average considering
isotropy of microstructure are also mentioned. Since the reconstructions
were derived from SVE44, the stiffness coefficients of SVE44 and their



Fig. 15. a) Evolution of energy functional with number of iterations; b) Two-point correlation function; ¢) Two-point cluster correlation function; d) Lineal path
function and e) size distribution of spheres of target and reconstructed microstructures (it can be seen, that both distributions are identical).

Table 3
PMUBCs on each face of SVE for six load cases.
x* v+ z*
Tension X L u, =0 uzs =0
= 40 =
=g th =tz =0 =t =0
th =t3 =0
Tension Y u =0 ol uz =0
=402
ty=t3 =0 U2 227 th =t =0
t =t3 =
Tension Z uy =0 u; =0 I3
U3 = t€33—
th=t; =0 th=t3 =0 3 €335
th =t =0
Shear XY L I uz =
up = :tsglg u = *elyy bty =0
uz =t =0 uz =t =
Shear YZ u =0 I [
= te3,— Up = +Eoa—
th=t; =0 U = =y 2 = Ty
u =t =0 u =t3 =0
Fig. 16. Representation of I'. Shear ZX L U =0 [
us = +e3 up = ey
2 th =t3 =0 2
u =t =0 U =tz =
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Fig. 17. Finite element mesh of SVE 14.

average values are also mentioned for comparison. Table 6 shows
average tension and shear stiffness coefficients obtained from real
microstructure (SVE average), reconstructed microstructures and from
experimental measurements.

phase composites. The foam was subjected to various image processing
steps so as to convert it from a series of 2D greyscale images to a
segmented 3D image from which each of the isolated pores were studied.
It can be observed from Fig. 2 that all the pores have sphericity of more
than 0.75 which indicates that the pores resemble very closely to
spheres. This also implied that the microstructure was close to being
isotropic in nature.

The statistical functions of the foam are shown in Fig. 3a—d. Fig. 3a
shows that Sy (r) and C»(r) were identical. This was because all the pores
in the foam sample were connected to each other. So, the entire pore
phase was one big cluster. [4] showed that only for statistically homo-
geneous microstructure without any long-range order,

S (r=0)=v, 19

lim S,(r) = v,”. (20)

Note that v, is the volume fraction of pores. In the case of foam

microstructure, lir{)l Sy(r) = 0.72 and lim S,(r) = 0.55. Hence these
r—! r—oo

conditions were satisfied. Thus, the foam microstructure is highly ho-
mogeneous and does not possess long range order. The fact that S,(r) at
r =0 in Fig. 3a didn’t exactly matched the value of v is related to lim-
itations of image resolutions. Better resolution of CT images can bring

Table 6
Average stiffness coefficients (in GPa) from three different methods.

. ) Ci11/ C22/ C33 Ca4/ Css/ Ces Porosity
8. Discussion (GPa) (GPa) (%)
. . . . i L. . . SVE Average 26.54 8.78 74.56
This article explains in detail the use of statistical functions in Reconstructions average 26.15 8.46 74.45
characterizing and reconstructing the microstructure of ceramic foam Experiments average 29.5 6.9 74.5
which is used as a skeleton in the manufacturing of interpenetrating
Table 4
Stiffness coefficients (in GPa) of 5 SVEs, standard deviation and experimental results.
Cn Ca2 Cas Cys Css Cos Porosity (%)
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
SVE 14 19.58 22.87 27.96 6.79 8.63 7.64 74.84
SVE 17 23.71 26.59 29.47 8.01 9.23 8.84 74.91
SVE 30 22.94 28.09 31.53 8.28 9.84 9.06 74.40
SVE 44 25.15 26.11 28.65 8.83 8.92 9.06 74.51
SVE 58 26.37 29.33 29.62 9.25 9.99 9.29 74.12
SVE average 23.55 26.60 29.45 8.23 9.32 8.78 74.56
SVE Std. Dev. 2.31 2.18 1.20 0.84 0.52 0.59 0.29
Average (for isotropy) 26.54 8.78
Experiments [3] 30.2 29.8 28.5 7.2 6.7 N. A 74.5
Average (for isotropy) 29.5 6.9
Table 5
Stiffness coefficients (in GPa) and standard deviation of reconstructed microstructures.
Reconstructions Ci1 Coa Cs3 Cyq Css Ces Porosity (%)
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
1 26.46 24.81 25.81 8.21 8.22 8.64 74.53
2 26.89 27.23 26.60 8.76 9.00 8.68 74.42
3 27.03 25.17 24.18 8.17 7.68 8.19 74.40
4 26.12 25.16 26.83 8.22 8.41 8.75 74.51
5 26.05 27.14 26.27 8.67 8.65 8.23 74.38
6 24.73 25.56 25.33 8.30 8.18 7.89 74.45
7 25.27 26.80 26.33 8.66 8.45 7.89 74.36
8 25.49 25.83 25.79 8.40 8.15 8.21 74.51
9 26.90 25.27 26.00 8.66 8.57 8.61 74.50
10 27.89 27.71 27.84 9.16 9.14 9.11 74.38
Ensemble average 26.28 26.07 26.10 8.52 8.45 8.42 74.45
Ensemble Std. Dev. 0.90 0.99 0.92 0.30 0.41 0.39 0.06
Average (for isotropy) 26.15 8.46
SVE 44 25.15 26.11 28.65 8.83 8.92 9.06 74.51
Average (for isotropy) 26.64 8.93




these two values closer. Fig. 3b shows that the curve of lineal path
function became asymptotic at around 100 pixels’ distance. This means
that the interconnectedness along lineal path is observable only till the
distance of 100 pixels. The cumulative pore size distribution in Fig. 3d
shows that the maximum radius of the spherical pore that can be fitted
into the pore space was around 25 pixels. Two statistical functions S (r)
and L(r) were calculated individually along the three orthogonal axes.
Fig.4a and b show that the two have almost same curves along the three
orthogonal directions. This again proves that the microstructure is
closely isotropic.

The effect of number of realizations on ensemble average of inverse
of porosity and Euclidean norm of statistical functions can be seen in
Fig. 6a—d. In case of porosity (Fig. 6a), two-point correlation function
(Fig. 6b) and lineal path function (Fig. 6¢), for all VE sizes, the curves
converged to the value of VE size 6 (entire sample) as the number of
realizations into averaging were increased. It took all the realizations for
each VE size to reach the value of the entire sample. Since, the number of
realizations increase as VE size is decreased, selection of SVE size re-
quires trade-off to be achieved between SVE size and number of re-
alizations. Further, for the case of cumulative pore size distribution
function (Fig. 6d), the values for VE sizes 1 and 2 did not converge to
that of the entire sample. This was because these VE sizes were not able
to accommodate the entire variety of pore size distribution that is pre-
sent in the entire sample. Since statistical volume element should
represent the real material statistically, its statistical functions should
match that of the real material when ensemble average is considered. So,
when there is a need to reduce the size of the material under study, the
chosen size should statistically match the largest material size available.
As explained before, the choice of VE size for FE calculations also de-
pends upon the available computational resources. The VE size 3 chosen
in this study satisfies the requirements of SVE and also fits the compu-
tational resources available.

In the case of VE size 5, the ensemble average in Fig. 6a-d was very
close to that of the entire sample irrespective of number of realizations
considered in averaging. This was because the size difference between
this VE and that of the entire sample was much less. The fluctuations in
the curves were probably because all the 8 realizations of this VE size
shared a lot of common region. Hence not enough independent re-
alizations were available to get converging results.

A ranking method was developed so as to reduce the computational
expense of doing FE calculations on 64 realizations of VE size 3. The
percentage difference between the statistical functions and porosity of
each realization and that of the entire sample was calculated and the
SVEs were ranked in ascending order of these values (Fig. 7a—d). It can
be seen that each statistical function had a different ranking order.
Hence, it was decided to find those SVEs that lie within 5 % value for all
statistical functions. Since these SVEs had microstructure that resemble
the most to that of the entire sample, it was decided to perform ensemble
averaging only on these 5 SVEs rather than the 64 SVEs that would have
otherwise required. This significantly reduced the required computa-
tional expenses.

Reconstruction of the foam microstructure is an essential step as it
can provide an ensemble of statistically equivalent microstructures that
can be further used to derive effective material properties. It can also be
used to create variations of microstructures by varying the parameters
like porosity, size distribution, etc. In this article, a novel method was
developed to reconstruct the foam microstructure. Visual comparison of
Fig. 14b and c showed that the reconstructed microstructure looked
extremely similar to the target microstructure. The statistical functions
(Fig. 15b-d) of the reconstructed and target microstructures were also
matching each other. The porosity and the size distribution of pores
(Fig. 15e) in both the microstructures were identical as well. Note that
the three statistical functions (two-point correlation, two-point cluster
correlation and lineal path functions) were chosen in the calculation of
the energy functional because they each serve a specific purpose. Two-
point correlation functions gives the general distribution of the pores
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in the space, the two-point cluster correlation function captures whether
the pores are connected to each other and the lineal path function dis-
plays how much the spherical pores are overlapped into each other. The
cumulative pore size function was not considered because the size dis-
tribution of the pores was already taken into account by the histogram of
size distributions (Fig. 15e).

Results of FE calculations of the real foam microstructure are shown
in Table 4 which shows the diagonal coefficients of effective stiffness
tensor of all 5 SVEs. Averaging the values across all 5 SVEs leads to SVE
average. It can be concluded from these three values along three di-
rections that the foam sample is closely isotropic. The standard de-
viations of the SVE average results are very low indicating that the 5
chosen SVEs give fairly similar results. The experimental results [3]
along the three directions also indicate that the material is closely
isotropic. It is important to note that the average porosity of the SVEs
(74.56 %) matched closely to that of the experimental results (74.5 %).
Considering isotropy, average of SVE average of Ci;, Cyz and Cs3 is
26.54 GPa. Similarly, average of experimental results [3] of C11, Cy2 and
Cs3 is 29.5 GPa. It can be seen that the simulated value is within 10 %
deviation of the experimental value. Repeating this for SVE average of
Ca4, Css and Cgg leads to value of 8.78 GPa and for experimental results
[3], value of 6.9 GPa. The simulated value is within 20 % deviation of
the experimental value. The experimental determination of shear com-
ponents of stiffness was not as accurate as the tension components and
further improvement in this measurement will lead to better comparison
between simulated and measured values. These results prove that the
procedure of selecting SVE size, ranking method and the numerical
calculations utilized in this work predict the effective elastic properties
of the real foam material to a very high degree of accuracy. Further
improvement in the results can be achieved mainly by using CT images
with better resolution. Improved resolution can lead to better capture of
the morphological features and better-quality mesh which can further
lead to improved FE results.

Table 5 shows FE results of the ten reconstructed microstructures.
Averaging across all of them leads to ensemble averages. It can be
concluded from the ensemble average values that the reconstructed
foam microstructures too are very close to isotropic in nature. The
standard deviations of the ensemble average results are also very low
indicating that the reconstructions are identical to each other. Consid-
ering isotropy, average of ensemble averages of C;;, Ca2 and Css leads to
value of 26.15 GPa. Repeating this for ensemble averages of C44, Css and
Cee leads to value of 8.46 GPa. Table 5 also mentions these values for
SVE 44 (since it was chosen as target microstructure). The comparison of
averaged tension and shear coefficients between the reconstructed mi-
crostructures and SVE 44 shows that the deviation is 1.8 % in tension
case and 5.2 % in shear case. These values prove that the reconstruction
procedure is such that is generates microstructures that not only match
the target microstructure in terms of statistical functions but also in
terms of the effective stiffness tensor of the material.

9. Conclusions

This article describes in detail a methodology to characterize and
reconstruct the microstructure of a ceramic foam using a combination of
statistical functions and physical descriptors. Sphericity studies showed
that all pores have sphericity more than 0.75 and 90 % of pores have
sphericity more than 0.84. The high sphericity values indicated that the
microstructure is very close to being isotropic in nature. The results of
statistical functions (Figs. 4 and 5) show that the microstructure is ho-
mogeneous and closely isotropic in nature. By studying the effect of
sample size averaging on the results of statistical functions, it was
decided that VE size 3 would be an appropriate size for an SVE. The
ranking method helped in reducing the ensemble size of the SVE for
calculating effective elastic properties. The microstructure reconstruc-
tion method detailed in section 5 created microstructures that had the
same statistical functions as the real microstructure. The concept of



idealizing the shape of the pores as spheres and changing their positions
so as to perturbate the microstructure led to reduction in number of it-
erations required in the optimization as compared to the traditional YT
method. The use of target volume fraction (porosity) and target pore size
distribution as constraints in the optimization algorithm resulted in fast
convergence. Table 4 shows that the effective elastic stiffness co-
efficients obtained by applying ranking method on real microstructures
correlate closely to the ones obtained experimentally. Table 5 shows that
the effective elastic stiffness coefficients obtained from reconstructed
microstructures are in very close agreement with the target micro-
structure properties (SVE 44). The article also explores the appropri-
ateness of using PMUBCs to determine the effective material properties
of non-periodic microstructures with phases having extreme contrast in
material properties (infinity in this case).

The far-reaching goal of this research is to establish structure-
property-performance relationship links for the ceramic foam material
and further for the IPC material. The statistical functions help in quan-
tifying the structure of these materials. An important part of this
research is to establish a correlation between the microstructure de-
scriptors and the physical properties of these materials. This will act as a
guide in an inverse problem of identifying appropriate microstructure
for target physical properties. As per authors knowledge, such method
does not exist for materials that have foam-like microstructure.

The next step of this research is to create variations of microstruc-
tures of this material by modifying parameters like size distribution of
spherical features, their overlap volume, etc. This will help in studying
their effect on effective elastic material properties. This will be followed
by understanding how sensitive the elastic properties are to these pa-
rameters. Once these steps are done, the research will proceed to
developing application tailored microstructures that can lead to mate-
rials with enhanced properties.
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