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1. Introduction

1.1. Photoexcitation of Correlated Electrons

Using pump-probe spectroscopy, it is possible to observe the
excitation and relaxation of interacting electron systems in real
time, while potentially creating states or phases that do not occur
in equilibrium.[1–3] Typically three stages are involved in this
procedure[4]: an initial laser pulse which excites the electronic
system, followed by its relaxation due to the scattering of
electrons, and finally a transfer of energy to lattice degrees of
freedom.[5] The photoexcited state may involve nonequilibrium
steady states such as periodically driven Floquet states,[6–11]

the dynamical generation of interactions,[12,13] or states at effec-
tively negative temperature.[14] Its relaxation may pass through
prethermal stages[15–18] or be influenced by nonthermal fixed
points[19] or dynamical critical points,[20] while control of the final
relaxation process is possible with coherent phonons.[21,22] In
this work, we study the prethermal state for a single correlated

band of photoexcited interacting elec-
trons[4,23]; a multiband case was recently
discussed in Ref. [24,25]. For a single band,
we study a Hubbard model with a general
time dependence

ĤðtÞ ¼
X
ijσ

tijðtÞĉ†iσ ĉjσ þU
X
i

n̂i" n̂i# (1)

in terms of the usual fermionic creation,
annihilation, and number operators for
an electron at lattice site Ri with spin σ.
Here the hopping amplitude tij is the
Fourier transform of the dispersion ϵk,
and the Coulomb repulsion appears only

in the Hubbard interaction U. For weak time-dependent interac-
tions UðtÞ, such models exhibit prethermalization, i.e., on inter-
mediate time scales a metastable state is attained in which
quasiparticles are formed, the scattering of which then
subsequently leads to thermalization.[26–30] As an application,
the prethermalization regime can be used to limit the heating
of periodically driven systems.[8,9,11] Here, we study the charac-
teristic features of field-induced prethermalized states for time-
dependent but sufficiently weak interactions U> 0. Our main
result is that for a wave train containing m pulses with frequency
ωpump ¼ 2π=T and electric field amplitude Eext, the momentum
occupation attains a prethermalization plateau after the pulse
according to

lim
m!∞

n̂kσh it>mT � n̂kσh i0
mT

¼ e2a2s
ñð2Þkσ ðωpumpÞ

jωpump þ 4πiσðωpumpÞj2
E2
extU2

(2)

for a Hubbard model with diagonal field direction on a hypercu-
bic lattice with lattice constant a as defined in (1.1); we set ℏ ¼ 1.
This scaling limit for long pump pulses involves a function

ñð2Þkσ ðωÞ, which is given in Section 2.3 and depends functionally
on the dispersion, while s is a numerical prefactor of order unity
depending on the specific envelope, e.g., s ¼ 1=4 for our pulse
shape (7). Pumping with enveloped electric field pulses offers
more flexibility than interaction protocols or continuous driving
for the engineering of nontrivial metastable states. The denomi-
nator in (2) is due to an additional internal field generated in the
sample by the external electric field[31] and helps to induce the
prethermal state when the pump frequency is close to the result-
ing interaction-dependent resonance frequency.

The article is organized as follows. In Section 1.2, we formu-
late a general weak-coupling approach for electric fields of arbi-
trary strength and use it in Section 1.3 to obtain the conductivity

M. Alexander, M. Kollar
Theoretical Physics III
Center for Electronic Correlations and Magnetism
Institute of Physics
University of Augsburg
86135 Augsburg, Germany
E-mail: marcus.kollar@physik.uni-augsburg.de

The ORCID identification number(s) for the author(s) of this article
can be found under https://doi.org/10.1002/pssb.202100280.

© 2022 The Authors. physica status solidi (b) basic solid state physics
published by Wiley-VCH GmbH. This is an open access article under
the terms of the Creative Commons Attribution License, which permits
use, distribution and reproduction in any medium, provided the
original work is properly cited.

DOI: 10.1002/pssb.202100280

Prethermalization phenomena in weakly interacting Hubbard systems after
electric-field pump pulses with a finite duration are studied. The Hubbard
interaction U is taken into account up to second order, by applying the pre-
thermalization paradigm for time-dependent interaction protocols, and the
electric field strength beyond linear order. A scaling behavior with pulse duration
is observed for the absorbed energy as well as individual prethermalized
momentum occupation numbers, which are attributed to the leading quadratic
orders in interaction and electric field. It is shown that a pronounced nonthermal
momentum distribution can be created with pump pulses of suitable resonance
frequencies, and how to distinguish them from thermal states is discussed.

RESEARCH ARTICLE
www.pss-b.com

Phys. Status Solidi B 2022, 259, 2100280 2100280 (1 of 12) © 2022 The Authors. physica status solidi (b) basic solid state physics
published by Wiley-VCH GmbH

mailto:marcus.kollar@physik.uni-augsburg.de
https://doi.org/10.1002/pssb.202100280
http://creativecommons.org/licenses/by/4.0/
http://www.pss-b.com
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fpssb.202100280&domain=pdf&date_stamp=2022-03-07


in the lowest order. In Section 2.1, we discuss the time evolution
during and after the field pulse in the prethermalization regime.
The observed scaling with the pulse duration is explained in
Section 2.2 for the absorbed energy and in Section 2.3 for indi-
vidual momentum occupation numbers. In Section 2.4, we dis-
cuss the possibility of distinguishing the prethermal from the
thermal state by optical spectroscopy and conclude in Section 3.

In a gauge with zero electric potential, the electric field
enters only into the hopping amplitudes according to the
Peierls substitution,[32]

Eðr, tÞ ¼ � 1
c
∂Aðr,tÞ

∂t
,

tijðtÞ ¼ tije
� ie

ℏc

R Rj
Ri

dr⋅Aðr, tÞ ! tije�
ie
ℏcðRi�RjÞ⋅AðtÞ

(3)

where in the last step the dipole approximation for the long-
wavelength limit was used, so that within the sample the field
EðtÞ ¼ � ∂tAðtÞ=c, AðtÞ ¼ AðtÞa, is approximately homogeneous
along a unit vector a, and the magnetic field vanishes. The elec-
tric field then enters only into the dispersion through δĤ0ðtÞ

Ĥ0 þ δĤ0ðtÞ ¼
X
kσ

ϵk�e
cAðtÞn̂kσ (4)

Apart from the momentum occupation, we will study in
particular the current in the direction of a and the change of
the kinetic energy due to the field pulse, starting from the initial
interacting ground state at time tini ¼ 0

jðtÞ ¼ � c
V

∂ĤðtÞ
∂AðtÞ

� �
t
, ΔEkinðtÞ ¼ Ĥ0 þ δĤ0ðtÞ

� �
t � Ĥ0
� �

0

(5)

where V is the volume. However, the electric field in the
Hamiltonian is not the same as the external field impinging
on the sample. According to Ref. [31], in addition to the latter,
the field which is created in the sample due to Maxwell's
equations should also be taken into account. The total vector
potential Aðr, tÞ ¼ Aextðr, tÞ þ Asysðr, tÞ thus contains an internal
part that obeys ð ∂2t � c2∇2ÞAsysðr, tÞ ¼ 4πcjsysðr, tÞ. For our case
without spatial dependence, this means ∂2tAsysðtÞ=ð4πcÞ ¼
jsysðtÞ ¼ jðtÞa, where the quantum-mechanical expectation value
is identified with the classical current. In terms of the

linear-response conductivity σðωÞ for the internal electric field,
the conductivity for the external field is then obtained from
the partial Fourier transform of the current jðtÞ in the field
direction as

jðωÞ ¼ EextðωÞσextðωÞ ¼ EðωÞσðωÞ,

σextðωÞ ¼
σðωÞ
ϵðωÞ , ϵðωÞ ¼ 1þ i

4π
ω

σðωÞ (6)

via jðωÞ ¼ iωEsysðωÞ=ð4πÞ and EextðωÞ ¼ EðωÞ � EsysðωÞ. The
total internal field EðωÞ in the Hamiltonian (3) thus equals
EðωÞ ¼ EextðωÞ=ϵðωÞ in linear order in the field.

For our present study, we will start from a given internal field
pulse and obtain the response of the interacting system to all
orders in the field, but perturbatively in the interaction. For
the relation between internal and external field, however, only
the linear-response connection (6) will be used, for which the
required conductivity is obtained perturbatively in the interaction
in Subsection 1.3. A more realistic nonlinear description of the
relation between internal and external fields is beyond the scope
of the present work.

We assume a pulse for which the Hamiltonian is the same
before and after the pulse, which is appropriate for a metallic
system even if the external field were to have different vector
potentials before and after the pulse. Specifically, we consider
a (real-valued) enveloped field pulse for the internal electric field
with frequency ωpump ¼ 2π=T acting from time tini ¼ 0 to
tfin ¼ mT , i.e., a wave train over an integer numberm of periods,
shown in Figure 1

EðtÞ ¼ � 1
c
∂AðtÞ
∂t

¼ E sin
2πt
T

� �
sin

πt
mT

� 	
¼
X4
j¼1

Ejeitωj ,

EextðtÞ ¼
X4
j¼1

Eext,jeitωj

(7)

where E1þ2j ¼ E2þ2j ¼ ð�1Þ1þjE=4 and ω1þ2j ¼ �ω2þ2j ¼
½1þ ð�1Þj=ð2mÞ�ωpump for j ¼ 0, 1. The Fourier components
Ej of the internal field at frequency ωj translate into
corresponding components Eext,j ¼ ϵðωjÞEj for the external field
according to (6).

Figure 1. Normalized dimensionless electric field (left) and vector potential (right).
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To illustrate our general results such as (2), we will perform
explicit evaluations following Ref.[23], i.e., using next-neighbor
hopping tij ¼ t�=2

ffiffiffi
d

p
for a hypercubic lattice in the limit of infi-

nite dimensions d and assuming a diagonal field direction,
a ¼ ð1, 1, : : : , 1Þ. This limit of high dimensions[33] corresponds
to dynamical mean-field theory, which describes the 3D corre-
lated electron materials in equilibrium[34,35] and nonequilib-
rium[4] well in general. The diagonal field direction is
representative for the high-dimensional limit, as it does not
require further scalings with powers of d that would be needed,
e.g., for a bond direction. The diagonal field direction also leads
to technical simplifications, as the kinetic energy, the cosine and
sine dispersions, density of states and joint density of states take
the following form in the limit of large d

Ĥ0 þ δĤ0ðtÞ ¼ Ĥ0 cosAðtÞ þ Ĥ0 sinAðtÞ,
Ĥ0 ¼

X
kσ

ϵkn̂kσ , Ĥ0 ¼
X
kσ

ϵkn̂kσ
(8a)

ϵk ¼ � t�ffiffiffi
d

p
Xd
j¼1

cosðkjaÞ, ϵk ¼ � t�ffiffiffi
d

p
Xd
j¼1

sinðkjaÞ (8b)

ρðϵÞ ¼ 1
L

X
k

δðϵ� ϵkÞ ¼
e�ϵ2=t�2ffiffiffi

π
p

t�
,

ρðϵ, ϵÞ ¼ 1
L

X
k

δðϵ� ϵkÞδðϵ� ϵkÞ ¼
e�ðϵ2þϵ2Þ=t�2

πt�2

(8c)

for L lattice sites. Here we set ℏ, c, a to unity. We also set t� ¼ 1
and consider only a half-filled band, with uncorrelated kinetic

energy Eð0Þ
kinð0Þ ¼ � 1

2
ffiffi
π

p ≃ �0.282. Our units are thus ℏ=t� for

time, t�=ℏ for frequency, ℏc=ðeaÞ for AðtÞ, t�=ðeaÞ for EðtÞ,
t�=ða2ℏÞ for jðtÞ, e2t�=ðℏ2aÞ for σðtÞ, and e2=ðℏaÞ for σðωÞ.
The term σðωÞ=ω in (6) requires us to fix the scale ℏc=ðat�Þ;
we estimate a ⋅ jEð0Þ

kinð0Þj ≃ 4Å ⋅ eV to be a representative value
and use this in explicit calculations involving σextðωÞ.
Evaluations for this setup can be performed efficiently using inte-
gration techniques described in Appendix A. In the following, we
will refer to the interacting model (1) and (8) simply as the
Hubbard model with diagonal field direction. We will denote
n̂kσ as n̂ϵϵσ when it depends only on ϵk and ϵk.

1.2. Weak-Coupling Theory

For the initial and time-evolved states of an interacting
Hamiltonian, we use a perturbative formulation which is also
useful for prethermalization phenomena after general interac-
tion protocols UðtÞ as discussed separately elsewhere.[36] For a
general time-dependent Hamiltonian ĤðtÞ ¼ Ĥ0ðtÞ þ gV̂ðtÞ, an
operator Â evolved in the interaction picture reads

Ŝ†ðtÞÂIðtÞŜðtÞ ¼
X∞
n¼0

ðigÞn
Z

t

0
dt1 : : :

Z
tn�1

0
dtn

� ½V̂ IðtnÞ, : : : ½V̂ Iðt1Þ, ÂIðtÞ� : : : �
(9)

with the interaction picture propagator ŜðtÞ ¼ Û†

0ðtÞÛðtÞ, defined
in terms of the propagators Û0ðtÞ and ÛðtÞ of Ĥ0ðtÞ and
Ĥ0ðtÞ þ gV̂ðtÞ, respectively, and ÔIðtÞ ¼ Û†

0ðtÞÔðtÞÛ0ðtÞ for
any Schrödinger operator ÔðtÞ.

For our Hamiltonian (4), the initial interacting ground state of
Ĥð0Þ ¼ Ĥ0 þ gV̂ (where g ¼ U and V̂ ¼Pi n̂i" n̂i# ) at t ¼ 0 is

time-evolved with the additional kinetic energy term δĤ0ðtÞ,
which vanishes before and after the electric field pulse. We con-
sider an auxiliary Hamiltonian in which the interaction term is
switched on adiabatically for negative times, so as to generate the
interacting initial state from the corresponding noninteracting
eigenstate jΨðt ¼ �∞Þi ¼ jΨ0i with Ĥ0jΨ0i ¼ E0jΨ0i and
expectation values · · ·h ið0Þ; by contrast expectation values in
the initial interacting eigenstate are denoted by · · ·h it¼0 ¼
· · ·h i0. Namely, we set

ĤðtÞ ¼ Ĥ0 þ δĤ0ðtÞ þ gf ðtÞV̂ , f ðtÞ ¼
�
eδt if t < 0,
1 if t ≥ 0,

δ ! 0þ

(10)

Here Ĥ0 þ δĤ0ðtÞ has the same set of eigenstates fjΨlig as
Ĥ0. The noninteracting propagator for t ≥ 0 is, therefore,
simply Û0ðtÞ ¼ expð�i∫ t

0dτ½Ĥ0 þ δĤ0ðτÞ�Þ. Expanding in the
interaction strength g, we have for any observable Â

Â
� �

t ¼ Â
� �

ð0Þ þ gΔAð1ÞðtÞ þ Oðg2Þ (11a)

ΔAð1ÞðtÞ ¼ i
Z

t

�∞
dt1f ðt1Þ ½V̂ Iðt1Þ, ÂIðtÞ�

� �
ð0Þ

¼
X
l

V0lAl0φ
1ð Þ
l ðtÞ þ c:c:

(11b)

φ 1ð Þ
l ðtÞ ¼ i

Z
t

�∞
dt1 f ðt1Þei

R
t

t1
dτΔElþδelðτÞ

¼ � 1
ΔEl

þ i
Z

t

0
dt1eiðt�t1ÞΔEl e

i
R

t

t1
dτδelðτÞ � 1

� �
(11c)

where we used the abbreviations ΨljÂjΨm
� � ¼ Alm,

ΔEl ¼ El � E0, δĤ0ðtÞjΨli ¼ δElðtÞjΨli, δelðtÞ ¼ δElðtÞ � δE0ðtÞ.
We label observables that commute with Ĥ0 as second-order
observables â (because the first-order term vanishes for them),
otherwise as first-order observables Â. For a second-order
observable, we have

âh it ¼ âh ið0Þ þ g2Δað2ÞðtÞ þ Oðg3Þ (12a)

Δað2ÞðtÞ ¼ �
Z

t

�∞
dt1

Z
t1

�∞
dt2f ðt1Þf ðt2Þ ½V̂ Iðt2Þ, ½V̂ Iðt1Þ, â��

� �
0

¼
X
l

jV0lj2Δalφ 2ÞðtÞð
l

(12b)
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φ 2ð Þ
l ðtÞ ¼

Z
t

�∞
dt1

Z
t1

�∞
dt2f ðt1Þf ðt2Þei

R
t1
t2

dτΔElþδelðτÞ þ c:c:

¼ 1
ΔE2

l
� 2Re

Z
t

0
dt1

Z
t1

0
dt2

� exp i
Z

t1

t2
dt0ðΔEl þ δelðt0ÞÞ

� �
δelðt2Þ
ΔEl

(12c)

where âjΨli ¼ aljΨli, and Δal ¼ al � a0. Without an electric
field, δelðtÞ ¼ 0, both (11) and (12) reduce to the standard pertur-
bative result for the interacting ground state.

1.3. Relation Between Internal and External Field in Linear
Response

As discussed in the first subsection, in the following we will use a
given internal field pulse (7), which is related to the external field
pulse according to (6) in linear order in the field. We, therefore,
use the expressions of the previous subsection to obtain the con-
ductivity in second order in the interaction. Expanding to OðA2Þ
with AðtÞ ¼ AðtÞa gives (with ℏ, c, a set to unity)

ĵðtÞ ¼ � 1
L
∂ĤðtÞ
∂AðtÞ ¼ eĤð1Þ

0 � e2AðtÞĤð2Þ
0 þOðA2Þ,

ĤðnÞ
0 ¼ 1

L

X
kσ

ϵðnÞk n̂kσ , ϵ
ðnÞ
k ¼ ∂nϵkþax

∂xn
���
x¼0

(13)

For a field that is zero before tini ¼ 0, the linear-response
result for the current, jðtÞ ¼ ĵ

� �
t, then comprises the usual dia-

magnetic and paramagnetic contribution to the conductivity

jðtÞ ¼
Z

t

0
dτEðτÞσðt, τÞ þ OðE2Þ, σðt, τÞ ¼ σdiaðtÞ þ σpmðt, τÞ

(14a)

σdiaðtÞ ¼ e2 Ĥð2Þ
0

D E
t
, σpmðt, τÞ ¼ ie2

Z
t

0
dτ0 Ĥð1Þ

0 ðτ0Þ, Ĥð1Þ
0 ðtÞ

h iD E
0

(14b)

where the time dependences of Ĥð1Þ
0 are in the Heisenberg pic-

ture of the Hamiltonian without field. If that Hamiltonian is

time-independent, this simplifies to σdiaðtÞ! σdia, σpmðt, τÞ !
σpmðt� τÞ, and jðωÞ ¼ EðωÞσðωÞ. For the interacting
Hamiltonian Ĥð0Þ ¼ Ĥ0 þ gV̂ , we use (12) to find in the leading
orders in g that

σdia ¼ σdia,ð0Þ þ g2σdia,ð2Þ þ Oðg3Þ, σdia,ð0Þ ¼ e2 Ĥð2Þ
0

D E
0
,

σdia,ð2Þ ¼ e2
X
l

jV0lj2
ΔE 2ð Þ

l

ΔE2
l

(15a)

σpmðt� τÞ ¼ g2σpm,ð2Þðt� τÞ þOðg3Þ,

σpm,ð2ÞðtÞ ¼ e2
X
l

jV0lj22 ΔE 1ð Þ
l

� 	
2 cosðΔEltÞ � 1

ΔE3
l

(15b)

with ĤðnÞ
0 jΨli ¼ EðnÞ

l jΨli and EðnÞ
l � EðnÞ

0 ¼ ΔEðnÞ
l , and the con-

stant σdia leading to the familiar Drude peak in the partial
Fourier transform, σdiaðωÞ ¼ iσdia=ðωþ iδÞ, δ ! 0þ.

We evaluate these expressions for the Hubbard model with
diagonal field direction (8), using weight functions anðbÞ to
represent Gaussian integrals as described in (43) of Appendix A.

For coupling g ¼ U and with e2 ¼ 1, t� ¼ 1, we have Ĥð2Þ
0 ¼ �Ĥ0

and Ĥð1Þ
0 ¼ Ĥ0, leading to

σðωÞ ¼ i
σdia,ð0Þ þU2σdia,ð2Þ

ωþ iδ
þU2σpmð2ÞðωÞ þOðU3Þ (16a)

σdia,ð0Þ ¼ 1
2
ffiffiffi
π

p ≃ 0.282, σdia,ð2Þ ¼ �
Z

1

1
4

db
a4ðbÞ
2
ffiffiffiffiffiffiffiffiffi
π3b3

p ≃ �0.0659

(16b)

σpm,ð2ÞðωÞ ¼
Z

1

1
4

db
2a4ðbÞffiffiffiffiffiffiffi

bπ3
p

� �i
ωþ iδ

þ
ffiffiffiffiffi
πb

p
e�ω2b þ 2i

ffiffiffi
b

p
Dþ

ffiffiffi
b

p
ω

� 	� � (16c)

in terms of the Dawson function DþðxÞ ¼ e�x2∫ x
0dte

t2 and the
weight function a4ðbÞ of (47). The corresponding optical conduc-
tivity σextðωÞ for the external field is then calculated by inserting
this result into (6) and is shown in Figure 2 with parameters as

Figure 2. Optical conductivity σext with respect to the external field according to (6) for the Hubbard model with diagonal field direction (8), as given in

(16). Here σext is in units of e2=ðℏaÞ and ω in units of t�=ℏ, and we have chosen a ⋅ jEð0Þkinð0Þj ¼ 4 Å eV, see remarks below (8).
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given in (8). In its denominator, we keep ϵðωÞ as a series inU and
do not expand it into the numerator. Similar to the result for
the absorbed power,[31] this denominator suppresses the zero-
frequency pole for finite U and turns it into a resonance at
ω�, which approaches ω� ¼

ffiffiffiffiffiffiffiffiffi
2
ffiffiffi
π

pp
≃ 1.88 (in units of t� ¼ 1 )

in the noninteracting limit.

2. Nonperturbative Effects of a Pump Pulse with
Finite Duration

2.1. Pulse-Induced Transient States and Prethermalization

We consider the enveloped pump pulse EðtÞ of (7), which is
shown in Figure 1 together with its vector potential AðtÞ. For sim-
plicity, we will focus on the effect of this given internal field EðtÞ
on an interacting system, as the relation to the external field
EextðtÞ also involves the interaction according to (6)–(7). Because
the momentum occupation numbers n̂kσh it are second-order
observables, we expand the observables jðtÞ and EkinðtÞ of (5)

by means of (1.2), EkinðtÞ ¼ Eð0Þ
kin þ g2Eð2Þ

kinðtÞ þOðg3Þ,
jðtÞ ¼ jð0ÞðtÞ þ g2jð2ÞðtÞ þ Oðg3Þ. For the Hubbard model with
diagonal field direction (1.1), the time-dependent zeroth-order
terms of kinetic energy and current are depicted in Figure 3.
After the pulse they have returned to their initial values as the
momentum occupation numbers remain constant in the nonin-
teracting case. In the presence of interactions, the electric field
induces changes that are depicted in Figure 4, in which the
change in the double occupation, ΔDðtÞ ¼ hn̂i" n̂i#it �
hn̂i"n̂i#i0, a first-order observable, is also plotted. The averaged
quantities follow the electric field amplitude closely. Individual
momentum occupation numbers are not gauge independent
during the pulse[4]; for our gauge they show slowly varying behav-
ior with slight modulations during one period T. We further note
that even for the very strong fields E ≥ 1 considered here, the
approximate field dependence is linear in E for jð2ÞðtÞ and

quadratic for Dð1ÞðtÞ and Eð2Þ
kinðtÞ, which will be further studied

in the next subsection. At the end of the field pulse, these quan-
tities undergo a further relaxation. As a first-order observable, the
double occupation relaxes to its value prior to the pulse, while the

current relaxes to zero as it is a first-order observable in the elec-
tric field. The kinetic energy and the momentum occupation
numbers are second-order observables in interaction strength
and in the electric field and as such relax to a finite value on
a time-scale on the order of 1=t� ≡ 1. At second order in the inter-
action, this is the prethermalization regime during which quasi-
particles are formed, analogous to the case of time-dependent
interaction protocols,[15,16,26] and the kinetic energy and double
occupation are already thermalized on this time scale. Further
relaxation of individual momentum occupation numbers is
expected due to the scattering of quasiparticles, but which we
do not consider here.

2.2. Scaling Behavior of the Absorbed Energy

From Figures 3 and 4, it is apparent that the electronic response
scales approximately with the field amplitude, as we now analyze
in further detail. Since the double occupation eventually returns
to its initial value, the change in kinetic energy corresponds to the
absorbed electric field energy. Its leading term in the electric

field, ΔEð2Þ
kinðtÞ ¼ E2ΔEð2,2Þ

kin ðtÞ þOðE3Þ has a long-time limit that
exhibits an approximate linear scaling with the pulse duration
tfin ¼mT as shown in Figure 5. All the plotted prethermalization

plateaus ΔEð2,2Þ
kin ð∞Þ=mT collapse quite well onto a single curve,

which should thus be described by the absorbed energy in the
limit m ! ∞ of long pulse durations, which we now calculate.
In leading order in the field, we obtain for the absorbed field
energy

δĤ0ðtÞ ¼ � e
c
AðtÞĤð1Þ

0 þ OðA2Þ (17a)

Δ Ĥ
� �

t ¼
�1
c2

Z
t

0
dt1

Z
t1

0
dt2Aðt1ÞAðt2Þ

� e2 Ĥð1Þ
0 ðt2Þ, Ĥð1Þ

0 ðt1Þ, Ĥ
h ih iD E

0
þ OðA3Þ

(17b)

for a general interaction, in which we recognize the expectation
value as ∂2σpmðtÞ= ∂t2jt¼t1�t2 , involving the paramagnetic
conductivity of (14); as in that equation, the time dependences

of Ĥð1Þ
0 in (17) are in the Heisenberg picture of the

Figure 3. Normalized kinetic energy (left) and current (right) for the noninteracting (U¼ 0) Hubbard model with diagonal field direction (8) subjected to
the pump pulse (7) with T¼ 2,m¼ 5. Here the units are ℏ=t� for time, t�=ða2ℏÞ for current, t� for energy, and t�=ðeaÞ for electric field, see remarks in (8).
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Hamiltonian without field. To establish the approximate scaling
with the pulse duration, we use a Fourier representation and con-
sider only times t after the end of the pulse

Δ Ĥ
� �

t>tfin
¼
Z

dω
ω2RefσpmðωÞg

c2π

Z
tfin

0
dt1

Z
t1

0
dt2

� Aðt1ÞAðt2Þeiðt1�t2ÞðωþiδÞ þOðA3Þ
(18)

Figure 5. Prethermalization plateau of the kinetic energy (in order U2E2) for the Hubbard model with diagonal field direction (8) subjected to the pump
pulse (7), unscaled (left), and scaled by pulse duration (right) for varying number of pulse oscillationsm and periods T. The limit of long pulse durations
(m ¼ ∞) corresponds to (21). Here the units are ℏ=t� for time, t� for energy, and t�=ðeaÞ for the electric field, see remarks in (8).

Figure 4. Leading contributions (in order Un as indicated by the upper index ðnÞ) to the change in double occupation (top left), current (top right), kinetic
energy (bottom left) and momentum occupation number with ϵk ¼ ϵk ¼ 0 (bottom right) for the Hubbard model with diagonal field direction (8)
subjected to the pump pulse (7) with T ¼ 2, m ¼ 5. Here the units are ℏ=t� for time, t�=ða2ℏÞ for current, t� for energy, and t�=ðeaÞ for the electric
field, see remarks in (8).
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in which the real part of the partial Fourier transform
σpmðωÞ appears since σpmðtÞ is real and symmetric. For any
(real-valued) electric field pulse that can be decomposed as
EðtÞ ¼Pj Ejeitωj as in (7), we obtain in leading order in the pulse
duration tfin that

1
c2

Z
tfin

0
dt1

Z
t1

0
dt2Aðt1ÞAðt2Þeiðt1�t2ÞðωþiδÞ

¼
X
j

jEjj2
ω2
j

itfin
ωþ iδ� ωj

þ Oðt0finÞ
(19)

Performing the limit δ ! 0þ and collecting the delta contri-
butions ðωþ iδ� ωjÞ�1 ! �iπδðω� ωjÞ gives us the following
general result for the scaled long-time limit of the absorbed
energy

lim
tfin!∞

Δ Ĥ
� �

t>tfin

tfin
¼
X
j

jEjj2RefσpmðωjÞg þOðE3Þ (20)

This result for the absorbed power is still independent of
the interaction. For the wave train (7) with m pulses of period
T ¼ 2π=ωpump and in leading order in the interaction it becomes

lim
m!∞

Δ Ĥ
� �

t>mT

mT
¼ 1

4
E2U2Refσpm,ð2ÞðωpumpÞg

þ OðE3U2Þ þOðE2U3Þ
(21)

where the numerical prefactor is particular to our specific pulse
shape. In Figure 5, this expression is plotted with the label
m ¼ ∞ and calculated from the paramagnetic conductivity in
(16c) for the Hubbard model with diagonal field direction (8).
We conclude that for sufficiently long pulses, the absorbed power
is well approximated by the leading orders in field and interaction
for all periods T. Relations similar to (20)–(21) between the
absorbed power and the conductivity for essentially continuous
pulses were also discussed in.[31] In the limit of long pulse dura-
tions, we can replace the internal field amplitude E in (21) by
EextðωpumpÞ=ϵðωpumpÞ to obtain the dependence on the external
field, as further discussed in the next subsection.

2.3. Scaling Behavior of the Momentum Distribution

As the kinetic energy already thermalizes at the prethermal stage, its
plateau corresponds to the energy absorbed from the pump pulse.
Nevertheless, the prethermal state differs from the eventual thermal
state in its momentum occupation numbers of individual modes, as
we now discuss. For them, we also observe scaling behavior, as
shown for one momentum in Figure 6, again with better scaling
as the number of periods increases. To obtain the leading term
for the change in momentum occupation we use, similar to (17)

Δ n̂kσh it ¼
�1
c2

Z
t

0
dt1

Z
t1

0
dt2Aðt1ÞAðt2Þ

� e2 Ĥð1Þ
0 ðt2Þ, Ĥð1Þ

0 ðt1Þ, n̂kσðtÞ
h ih iD E

0
þ OðA3Þ (22)

For a single mode, we proceed differently than for the energy.
We first obtain a result that holds independent of the interaction
under the assumption that we may treat the Heisenberg operator
n̂kσðtÞ as commuting with the Hamiltonian Ĥ in the long-time
limit. Then the dependence on t1 and t2 in the above double
commutator reduces to a time difference

Ĥð1Þ
0 ðt2Þ, Ĥð1Þ

0 ðt1Þ, n̂kσðtÞ
h ih iD E

0
¼t!∞ Ĥð1Þ

0 , Ĥð1Þ
0 ðt1� t2Þ, n̂kσðtÞ

h ih iD E
0

(23)

because the initial state is an eigenstate of the Hamiltonian Ĥ
occurring in the Heisenberg propagators. In terms of the
Fourier components of the field pulse EðtÞ ¼Pj Ejeitωj , we find

lim
tfin!∞

Δ n̂kσh it>tfin

tfin
¼
X
j

jEjj2
ñkσðωjÞ
ω2
j

þOðE3Þ (24a)

ñkσðωÞ ¼�e2

2
lim
t!∞

Z
∞

�∞
dτe�iτω Ĥð1Þ

0 , Ĥð1Þ
0 ðτÞ, n̂kσðtÞ

h ih iD E
0

(24b)

which is still nonperturbative in the interaction. The steady-state
momentum distribution difference thus scales linear with pulse
duration, in analogy to (20) for the absorbed energy, assuming
that the limit in (24b) exists. It remains to evaluate it for weak

Figure 6. Prethermalization plateau of the momentum occupation (in order U2E2) with ϵk ¼ ϵk ¼ 0 for the Hubbard model with diagonal field direction
(8) subjected to the pump pulse (7), unscaled (left) and scaled by pulse duration (right) for varying number of pulse oscillationsm and periods T. The limit
of long pulse durations (m ¼∞) corresponds to (28). Here the units are ℏ=t� for time, t� for energy, and t�=ðeaÞ for the electric field, see remarks in (8).
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interaction, for which we use the approach of Section 1.2 on (17).
Its inner commutator may be written

Ĥð1Þ
0 ðt1Þ, n̂kσðtÞ

h i
¼ ig

Z
t1

�∞
dτ1 f ðτ1Þ ½V̂Iðτ1Þ, Ĥð1Þ

0 �, n̂kσ
h i

þ ig
Z

t

�∞
dτf ðτÞ Ĥð1Þ

0 , V̂ IðτÞ, n̂kσ
 �h i

þOðg2Þ

¼ ig
Z

t

t1
dτ Ĥð1Þ

0 , V̂ IðτÞ, n̂kσ
 �h i

þ Oðg2Þ

(25)

by reordering the first commutator and combining the time inte-
grations. The outer commutator then becomes

Ĥð1Þ
0 ðt2Þ, Ĥð1Þ

0 ðt1Þ, n̂kσðtÞ
h ih iD E

0
¼ ig

Z
t2

�∞
dτ2f ðτ2Þ V̂ Iðτ2Þ, Ĥð1Þ

0

h i
, Ĥð1Þ

0 ðt1Þ, n̂kσðtÞ
h ih iD E

ð0Þ
þOðg3Þ

¼ �g2
Z

t

t1
dτ
Z

t2

�∞
dτ2f ðτ2Þ V̂Iðτ2Þ, Ĥð1Þ

0

h i
, Ĥð1Þ

0 , V̂ IðτÞ, n̂kσ
 �h ih iD E

ð0Þ
þ Oðg3Þ

¼ �g2
X
l

eiðt1�t2ÞΔEl � eiðt�t2ÞΔEl
� �jV0lj2

ΔEð1Þ
l

� 	
2

ΔE2
l

Δnk,l þ c:c:þOðg3Þ

(26)

where we inserted the noninteracting eigenstates in the last step,
with Δnk,l ¼ Ψljn̂kσ jΨlh i � Ψ0jn̂kσ jΨ0h i. For a closely spaced band
of energies ΔEl, we may assume that the second exponential fac-
tor drops out for large times t. To second order in the interaction,
we find

ñkσðωÞ ¼ g2ñð2Þkσ ðωÞ þ Oðg3Þ (27a)

ñð2Þkσ ðωÞ ¼
e2

2

Z
∞

�∞
dτe�iτω

X
l

eiτΔEl

ΔE2
l
jV0lj2 ΔEð1Þ

l

� 	
2
Δnk,l þ c:c.

 !

(27b)

which we further evaluate for the Hubbard model with diagonal
field direction

ñð2Þkσ ðωÞ ¼ Θðjωj � ϵkσÞ
3
2
þ ϵ2k

� �Z
1

1
3

dba3ðbÞ 1� ϵk
jωj

� �
2 e�bω2ffiffiffi

π
p

(28)

Finally, we insert the enveloped field pulse (7) with pump
frequency ωpump ¼ 2π=T , yielding

lim
m!∞

Δ n̂kσh it>mT

mT
¼E2U2ñð2Þkσ ðωpumpÞ

4ω2
pump

þOðU3E2ÞþOðU2E3Þ

¼ E2
extU2ñð2Þkσ ðωpumpÞ

4jωpumpþ4πiσðωpumpÞj2
þOðU3E2Þ

þOðU2E3Þ

(29)

This prethermal state is plotted in Figure 6 based on (28),
showing that the scaling is well attained already for rather small
m. In general, two factors contribute to the prethermalization pla-
teau of the momentum occupation numbers, which are shown in
Figure 7 with parameters as given in (8). While the precise
response depends on the momentum, the strongest effect
will always occur for pump frequencies near the resonance

Figure 7. Contributions to the scaled prethermal plateau of Δ n̂kσh it>tfin=tfin in both second order in the electric field amplitude and interaction with ϵk ¼ 0
and several ϵk for the Hubbard model with diagonal field direction (8) subjected to the pump pulse (7) in the limit of long pulse durations tfin, as obtained

from the k-dependent factor n
�ð2Þ
k ðωÞ of (27) (left) and the U-dependent factor in (29) (right). Here the units are t�=ℏ for frequency, e2=ðℏaÞ for σðωÞ, t� for

energy, t�=ðeaÞ for the electric field, and we have chosen a ⋅ jEð0Þkinð0Þj ¼ 4 Å eV, see remarks in (8).
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(ω� ≃ 1.88). Since the resonance peak becomes larger for small
U, we conclude that long-lived prethermalization plateaus can be
excited by electric fields. Inversely, the value of U could be esti-
mated in principle by locating the resonance frequency for a
known band structure. The result (29) corresponds to (2) in
the introduction. There, the prefactor s¼ 1=4 was split off, which
depends on the shape of the envelope. For example, an increase
to the maximum amplitude E of the pulse that is steeper than in
(7) would result in a larger s, which nevertheless remains on the
order of unity.

2.4. Prethermal Versus Thermal Steady States

The prethermalization plateaus (29) for the momentum occupa-
tion numbers are proportional to E2U2, i.e., they occur in second
order in the field and interaction, while in lower orders the
momentum occupation always relaxes back to its initial distribu-
tion after the pulse. The prethermal value of nkσ could be
observed on the one hand by a momentum-resolved probe, such
as time-resolved angle-resolved photoemission spectroscopy, as
individual momentum occupation numbers, especially close to
the Fermi surface, relax rather slowly to their prethermal value
and will subsequently exhibit further relaxation to the thermal
state. Using optical spectroscopy, in contrast, it is more difficult

to distinguish the prethermalization plateau from the thermal
state, i.e., through the time dependence of the conductivity as
derived in the following. This difficulty stems from the fast
relaxation of the kinetic energy on the prethermalization time
scale 1=t�, as seen in Figure 4, and it also undergoes no further
relaxation since it has then already attained its thermal value in
order U2. To understand this more quantitatively, we consider
the conductivity σppðt, τÞ for a probe pulse in linear response
when the system is subjected to the pump pulse. For this
“pump-probe conductivity,” we thus have

σppðt, τÞ ¼ σprobe,diaðtÞ þ σprobe,pmðtÞ (30a)

σpp,diaðtÞ ¼ e2 Ĥð2Þ
0

D E
t
,

σpp,pmðt, τÞ ¼ e2i
Z

t

τ
dτ0 Ĥð1Þ

0 τ0ð Þ, Ĥð1Þ
0 ðtÞ

h iD E
0

(30b)

Here, the Heisenberg operators evolve with the operator
Ĥ þ δĤ0ðtÞ, which describes the pump pulse as given earlier.
After the pulse, the diamagnetic contribution σppðt, τÞ relaxes
similar to the kinetic energy as described earlier, so that it
remains to evaluate the paramagnetic contribution using (11)

Ĥð1Þ
0 ðτ0Þ, Ĥð1Þ

0 ðtÞ
h iD E

0
¼ g2

X
l

jV0lj2ðEð1Þ
l Þ2

Z
t

�∞
dt1

Z
τ0

�∞
dτ1f ðt1Þf ðτ1Þei

R
t1
τ1

dt0ðΔElþδelðt0ÞÞ � c:c:þ Oðg3Þ

¼ g2
X
l

jV0lj2ðEð1Þ
l Þ2eiðt�τ0ÞΔElφð1Þ

l ðtÞ�φð1Þ
l ðτ0Þ � c:c:þ Oðg3Þ

(31)

We consider t > tfin and for simplicity assume that pump and
probe pulse do not overlap, so that only τ > tfin contributes and
the upper limit of the integrals can be replaced by tfin

φð1Þ
l ðtÞ ¼ �1

ΔEl
þ ieitΔElhl, hl

¼ �
Z

tfin

0
dt1

e�it1ΔEl

ΔEl
e
i
R

tfin
t1

dt0δelðt0Þδelðt1Þ
(32)

Reφð1Þ
l ðtÞ� i

Z
t

τ
dτ0eiðt�τ0ÞΔElφð1Þ

l ðτ0Þ

¼ Re
eiðt�τÞΔEl � 1

ΔE3
l

þ eiðt�τÞΔEl � 1
ΔE2

l
e�itΔEl ih�l

þ t� τ

ΔEl
eitΔElhl

(33)

Here the first term gives the paramagnetic conductivity in
equilibrium, while the other terms lead to the transient part of
the paramagnetic pump-probe conductivity, which we denote by

Δσpp,pm,ð2Þðt, τÞ ¼ e2
Z

tfin

0
dt1
X
l

jV0lj2
ðΔEð1Þ

l Þ2
ΔE2

l

� e
i
R

tfin
t1

dt0δelðt0Þδelðt1Þ

� i
eiτΔEl � eitΔEl

ΔEl
� eitΔElðt� τÞ

� �
þ c:c:

(34)

Since each term contains a factor eitΔEl or eiτΔEl this contribu-
tion is suppressed for t > τ ! ∞ when integrated over the band
energies El. For example, for the Hubbard model with diagonal
field direction Δσpp,pm,ð2Þðt, τÞ ! 0 vanishes proportional to a
Gaussian � e�τ2=4. As a consequence, the pump-probe conduc-
tivity as an integrated quantity is not well-suited to observe the
prethermal state, as discussed earlier.

3. Conclusion

Prethermalized states can in general be generated by time-
dependent switching or driving protocols of the interaction or
an external field. Here we focused on enveloped electric field
pulses which add a time-dependent modulation to the kinetic
energy. After the pulse, the electronic system relaxes to a
prethermal steady state on short timescales �ℏ=bandwidth.
Even for strong fields, this behavior is well-described in the
leading quadratic orders of interaction and field strength.
The response to the pump field will be enhanced for pump
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pulses near an interaction-dependent resonance frequency that
develops due to the field response inside the sample.In contrast,
the details of the pulse shape are found to be less important, as
they merely enter the prefactor s in the leading-order result (2).
From an analysis of the real-time conductivity, we concluded
that momentum-resolved probe techniques are typically
necessary to distinguish the prethermal from the thermal state.
Our explicit evaluations were performed for a Hubbard
model with diagonal field direction in high dimensions, but
could be extended to other Hubbard-type systems. For example,
the effect of features in the band dispersion or of band
degeneracies would be of particular interest. Our general
perturbative approach may also be useful to provide input into
effective models for later relaxation stages as well as in other
contexts.

Appendix A

In this appendix, we provide technical details of the evaluations
for the Hubbard model with diagonal field direction (8)
for the perturbative approach of Section 1.2. The vector
potential effectively enters in time arguments of the form
τ1 ¼ ∫ dτ cosAðτÞ and τ2 ¼ ∫ dτ sinAðτÞ, so that we need to eval-
uate the following expectation values in the noninteracting
ground state jΨ0i

D̂, D̂Iðτ1, τ2Þ, n̂kσ
 � �� �

ð0Þ ¼ 2Re
X
l

jD0lj2Δnk,leiτ1ΔElþiτ2ΔEm

¼ 2Re
X
i, λ¼�

λf λkσðRi, τ1, τ2Þ

� F�λ
σ ðRi, τ1, τ2Þ

Y
λ0¼�

Fλ0
σ ðRi, τ1, τ2Þ

(35)

i D̂, D̂Iðτ1, τ2Þ
 �� �

ð0Þ ¼ 2Re
X
l

jD0lj2ieiτ1ΔElþiτ2ΔEm

¼ Rei
X
i

Y
λ¼�

Fλ
σðRi, τ1, τ2ÞFλ

σðRi, τ1, τ2Þ
(36)

in terms of Dnm ¼ Ψnjn̂i" n̂i# jΨm

D E
, δĤ0jΨli ¼ EljΨli

ΔEl ¼ El � E0, and the functions (λ ¼ �)

f λkσðRi, τ1, τ2Þ ¼ e�iðRi ⋅kþτ1ϵkþτ2ϵkÞ δλþ þ λn̂kσh ið0Þ,

Fλ
σðRi, τ1, τ2Þ ¼

1
L

X
k

f λkσðRi, τ1, τ2Þ.
(37)

In the limit of high dimensions, only the local term
Ri ¼ 0 contributes, leading to integrals over the density of
states (10)

Fλ
σðτ1, τ2Þ ¼

Z
dϵ
Z

dϵρðϵ, ϵÞe�λiðτ1ϵþτ2ϵÞ δλþ þ λn̂ϵϵσh ið0Þ

¼ Fðτ1, τ2Þ ¼
Z

∞

0
dϵ

e�ϵ2þiϵτ1ffiffiffi
π

p
Z

∞

�∞
dϵ

e�ϵ2þiϵτ2ffiffiffi
π

p
(38)

where the second line, independent of λ and σ, applies for the
paramagnetic ground state of the half-filled band. For the expec-
tation values

Dð1ÞðtÞ ¼
X
l

jD0lj2φð1Þ
l ðtÞ þ c:c:, nð2Þkσ ðtÞ ¼

X
l

jD0lj2Δnk,lφð2Þ
l ðtÞ

(39)

we require φð1Þ
l ðtÞ and φð2Þ

l ðtÞ from (15) and (17), which involve
δelðt2Þ ¼ ΔElðcosAðt2Þ � 1Þ þ ΔEl sinAðt2Þ. We are left with
powers of ΔEl and ΔEl, which we rewrite as

ðΔElÞn1ðΔElÞn2 eiτ1ΔElþiτ2ΔEl ¼ ∂
∂iτ1

� �
n1 ∂

∂iτ2

� �
n2
eiτ1ΔElþiτ2ΔEl

(40)

with exponents n1 ∈ f�2, � 1, 0, 1g and n2 ∈ f0, 1, 2g. Then
the sum over states can be performed, resulting again
integrals Fðτ1, τ2Þ over the density of states. Its differentiation
is straightforward, while for positive exponents the integrations
(with appropriate integration limits) are best simplified by
another transformation. Consider first the functions appearing
in Dð1ÞðtÞ

Fðτ1, τ2Þm ¼
Z

∞

�∞
dϵ

e�ϵ2þiϵτ2ffiffiffi
π

p
 !

mZ ∞

0
dϵ1 : : :

Z
∞

0
dϵm

� e�
P

m
l¼1

ϵ2l þiϵlτ1ffiffiffiffiffiffi
πm

p
(41)

¼ e�
mτ2

2
4

Z
∞

0
dϵ0

eiτ1ϵ0ffiffiffiffiffiffi
πm

p
Z

∞

0
dϵ1 : : :

Z
∞

0
dϵm

� δ ϵ0 �
Xm
l¼1

ϵl

 !
e�
P

m
l¼1

ϵ2l

(42)

which can be expressed in terms of a weight function

anðbÞ ¼
Z

∞

0
dx1 : : :

Z
∞

0
dxnδ 1�

Xn
i¼1

xi

 !
δ b�

Xn
j¼1

x2j

 !

(43)

Integrating m � 1 times, we obtain

∂
∂iτ1

� �
1�m

Fðτ1, τ2Þm ¼ e�
mτ2

2
4

Z
∞

0
db
Z

∞

0
dϵ0

eiτ1ϵ0�bϵ20ffiffiffiffiffiffi
πm

p amðbÞ
(44)

∂
∂iτ1

� �
1�m

Fðτ1, τ2Þm ¼ e�
mτ2

2
4

Z
1

1
m

db
am bð Þffiffiffiffiffiffiffiffi
bπm

p

�
ffiffiffi
π

p
2

e�
τ2
1
4b þ iDþ

τ1
2
ffiffiffi
b

p
� �� � (45)

where the Dawson function DþðxÞ was defined in (16c). We need
only the cases n ¼ 3, 4, for which[36]

a3ðbÞ ¼

8>>>>><
>>>>>:

πffiffiffi
3

p if 1
3 ≤ b ≤ 1

2 ,

πffiffiffi
3

p �
ffiffiffi
3

p
arccos

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
6b� 2

p if
1
2
≤ b ≤ 1,

0 otherwise,

(46)
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a4ðbÞ ¼

8>>>>>>>>>>><
>>>>>>>>>>>:

π

ffiffiffiffiffiffiffiffiffiffiffi
b� 1

4

r
if

1
4
< b <

1
3
,

πffiffiffi
3

p � π

ffiffiffiffiffiffiffiffiffiffiffi
b� 1

4

r
if

1
3
< b <

1
2
,

ffiffiffi
3

p
arcsin

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
6b� 2

p þ 3

ffiffiffiffiffiffiffiffiffiffiffi
b� 1

4

r
arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 6bþ 8b2

p

3b� 1
� π

2
ffiffiffi
3

p � π

ffiffiffiffiffiffiffiffiffiffiffi
b� 1

4

r
if

1
2
< b < 1,

0 otherwise:

(47)

Integrations are thus avoided for m � 1þ n1 ≥ 0 with
m ∈ f3, 4g, except for one final numerical integration over b.

For nð2Þkσ ðtÞ, in contrast, an integration over ϵ0 also remains.
In this case, we need (for ϵ > 0)

eiτ1ϵFðτ1, τ2Þ3 ¼ e�
3τ2
2
4

Z
∞

ϵ
dϵ0

eiτ1ϵffiffiffiffiffi
π3

p
Z

∞

0
dϵ1

Z
∞

0
dϵ2

�
Z

∞

0
dϵ3δðϵ0 � ϵ� ϵ1 � ϵ2 � ϵ3Þe�ϵ21�ϵ22�ϵ23

¼ e�
3τ2
2
4

Z
∞

ϵ
dϵ0ϵ20

Z
∞

0
db

eiτ1ϵ�bϵ20ffiffiffiffiffi
π3

p a3
bϵ20

ðϵ0 � ϵÞ2
� �

(48)

Integrating twice and rearranging the integrals, we arrive at

∂
∂iτ1

� ��2
eiτ1ϵFðτ1,τ2Þ3 ¼ e�

3τ2
2
4

Z
1

1
3

dba3ðbÞ
Z

∞

ϵ

dϵ0
ϵ20

ðϵ0� ϵÞ2

� eiτ1ϵ0�bϵ20ffiffiffiffiffi
π3

p
(49)

which can be differentiated analytically with respect to τ1 and τ2
as needed, leaving numerical integrations over b, t1, and t2. In the
limit ϵ ! 0, we recover the previous result. For ϵ> 0 we integrate
numerically over ϵ0 as well.
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