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SUPER-LOCALIZATION OF ELLIPTIC MULTISCALE
PROBLEMS

MORITZ HAUCK AND DANIEL PETERSEIM

ABSTRACT. Numerical homogenization aims to efficiently and accurately ap-
proximate the solution space of an elliptic partial differential operator with
arbitrarily rough coefficients in a d-dimensional domain. The application of
the inverse operator to some standard finite element space defines an approx-
imation space with uniform algebraic approximation rates with respect to the
mesh size parameter H. This holds even for under-resolved rough coefficients.
However, the true challenge of numerical homogenization is the localized com-
putation of a localized basis for such an operator-dependent approximation
space. This paper presents a novel localization technique that leads to a super-
exponential decay of its basis relative to H. This suggests that basis functions
with supports of width O(H|log H|(4~1)/4) are sufficient to preserve the op-
timal algebraic rates of convergence in H without pre-asymptotic effects. A
sequence of numerical experiments illustrates the significance of the new local-
ization technique when compared to the so far best localization to supports of
width O(H|log HJ).

1. INTRODUCTION

This paper considers the numerical solution of second order elliptic partial dif-
ferential equations (PDE) with a strongly heterogeneous and highly varying (non-
periodic) coefficient and an L?-right-hand side. The heterogeneity and oscillations
of the coefficient may appear on several non-separated scales. For this general
class of coefficients, classical finite element methods based on universal, problem-
independent polynomial ansatz spaces can perform arbitrarily badly; see e.g. [6]. In
order to cure this problem, problem-specific information needs to be incorporated
in the ansatz space. This approach is often referred to as numerical homogeniza-
tion. For an overview on numerical homogenization beyond periodicity and scale
separation, we refer to the review paper [1] and the recent textbooks [27,29].

A common technique for the construction of problem-adapted ansatz spaces in
numerical homogenization is the application of the inverse operator to some stan-
dard finite element spaces on a coarse mesh which does not necessarily resolve the
coefficient. This technique has been used explicitly or implicitly in many works;
see e.g. [16,26,30,32,33]. It is straightforward that the corresponding Galerkin
method yields optimal rates of convergence on arbitrarily coarse meshes without



any pre-asymptotic effects. However, this approach is not feasible without modifi-
cation because, in general, global problems need to be solved to compute the basis
functions of the ansatz space which, in turn, tend to have global support. Hence,
the true challenge of numerical homogenization is to identify a local basis of the
ansatz space or at least one that consists of rapidly decaying basis functions. This
rapid decay makes it possible to approximate the global basis functions by localized
counterparts which are solutions to problems on local patches of the coarse grid.
The corresponding Galerkin approximation in the space spanned by the localized
basis then yields a practical numerical homogenization method.

In early works on this localization problem, algebraically decaying basis func-
tions were constructed; see e.g. [7,31,32]. A near-optimal localization was later
achieved by the Localized Orthogonal Decomposition (LOD) method [4,20, 22, 26]
which constructs a fixed number of basis functions per mesh entity which decay
exponentially in modulus relative to the coarse mesh size H. Hence, computable
local basis functions on patches of diameter O(H|log H|) are sufficient to preserve
optimal algebraic rates of convergence in H without any pre-asymptotic effects.
Other localization techniques such as the AL basis [16] and generalized finite ele-
ment methods [5,10,28] lead to qualitatively similar results. The latter approaches
are based on local spectral computations and the partition of unity method. Its
basis functions are local by construction. However, algebraic accuracy in H typi-
cally requires to moderately enlarge the number of basis functions per mesh entity.
Hence, the dimension of the approximation space grows by a logarithmic-in-H mul-
tiplicative factor. The number of non-zero entries in the resulting stiffness matrices
leads to a rough complexity estimate of the different methods. Compared to the
tentative minimum number of non-zero entries which is proportional to the number
of mesh entities, the multiplicative overhead is O(|log H|%) for LOD-type methods
and O(|log H|4"1) for the other techniques according to the existing theoretical
predictions. Even in practice, none of the known constructions seem to reduce the
overhead below O(|log H|%) without reducing the approximation rate.

This paper introduces a novel localization strategy in the context of the LOD that
reduces the diameter of the supports of the basis functions to O(H|log H|(¢=1)/) in
practice without loss of accuracy. On the level of the sparsity of the stiffness matrix,
this corresponds to the favorable overhead of O(|log H|¢~"). The novel localization
approach identifies local finite element source terms that yield rapidly decaying
responses under the solution operator of the PDE. Localized ansatz functions are
then obtained by solving patch-local problems with zero boundary data for the
previously determined source terms.

While classical LOD theory [1,20,26] only proves that the novel localization ap-
proach at least recovers classical LOD performance, an even super-exponentially
decay of the localization error is conjectured. Although a rigorous proof is still
open, we provide a justification employing a conjecture related to spectral geome-
try. Numerical experiments in two and three spatial dimensions confirm the super-
exponential decay and demonstrate the computational superiority of the novel lo-
calization strategy.

The remaining part of the paper is outlined as follows. Section 2 recalls the
prototypical elliptic model problem and some basics from finite element theory. A
prototypical numerical homogenization method is presented in Section 3. Using
a novel localization approach, this method is then turned into a feasible practical



method in Sections 4 and 5. Section 6 presents an abstract a-priori error analysis
and Section 7 justifies the super-exponential decay of the localization error. Numer-
ical experiments are presented in Section 8 and the paper closes with a conclusion
and an outlook on future research.

2. MODEL PROBLEM

Let us consider the prototypical second order elliptic PDE —divAVu = f in
weak form with homogeneous Dirichlet boundary conditions on a polygonal Lip-
schitz domain Q C R? d € N. Without loss of generality, we assume that  is
scaled to unit size, i.e., its diameter is of order one. The matrix-valued coefficient
function A € L>(Q, R¥*?) is supposed to be symmetric and positive definite almost
everywhere. More precisely, we assume that there exist constants 0 < o < 8 < >
such that for almost all z €  and for all n € R?

(2.1) aln|®> < (A(z)n) -n < Bnl?

with |-| denoting the Euclidean norm of a d-dimensional vector. The solution space
is the Sobolev space V := H}(Q) and the bilinear form a: V x ¥V — R associated
with the problem is given by

a(u,v) = /Q(AVu) -Vudz.

The symmetry and condition (2.1) ensure that the above bilinear form is an inner
product on V. Its induced norm is the energy norm |||, o = +/a(-,-) which is
equivalent to the canonical Sobolev norm on V. Given f € L?(), the unique weak
solution u € V of the boundary value problem satisfies, for all v € V,

a(u,v) = (f, U)L2(Q)-

Note that the moderate restriction to right-hand sides in L?(£2) (rather than the
dual space V' = H~1(Q)) will be source of the uniform linear convergence of the
numerical homogenization method although the possibly rough coefficient in general
prevents H?2(2)-regularity which would be required by classical finite elements. We
refer to [1] for a detailed discussion and possible generalizations to right-hand sides
with less regularity. Henceforth, we will refer to A=1: L?(Q) — V as the solution
operator that maps f € L?() to the unique solution u € V of the above weak
formulation.

3. OPTIMAL OPERATOR-DEPENDENT APPROXIMATION

This section introduces prototypical operator-adapted ansatz spaces computed
by applying the inverse operator to right-hand sides in classical finite element
spaces. This approach transforms the approximation problem of the solution into
an approximation problem of the right-hand side by classical finite element spaces.
For this purpose, we shall introduce the, possibly coarse, quasi-uniform mesh Ty
which is a finite subdivision of €2 into closed, convex, and shape-regular elements
with diameter at most H > 0. This characterization of admissible meshes includes
both structured quadrilateral or Cartesian meshes and unstructured shape-regular
simplicial meshes as they are well-established in the theory of finite elements.



For the approximation of f € L?(Q), we consider the simple choice of T-
piecewise constant functions

PO(Tx) = span{ly |T € Ty}

spanned by the basis of the characteristic functions 17 of the mesh elements 7" € Ty;.
By using different finite element spaces, it is possible to construct, e.g., higher order
methods [25] or multi-level methods [15,21,30]. Let Iz : L?(Q) — P°(7Tg) denote
the L?-orthogonal projection onto P?(7z) and recall that, for all T € Ty, it satisfies
the following (local) stability and approximation properties

1Mol 2y < |Jollpzer) for all v € L*(T),

(3.1) 1 1
||U — HHUHLZ(T) <7 HHVU”LZ(T) for all v e H (T).

Given P°(Ty), the prototypical operator-adapted ansatz space Vy is obtained
by applying the solution operator, i.e.,

(3.2) Vi =span{A 17| T € Ty}

The Galerkin method based on the operator-adapted ansatz space Vg seeks a dis-
crete approximation uy € Vg such that, for all vy € Vi,

(3.3) a(up,vn) = (f; vi) 2 (q)

Let .A;Il : L2(Q)) = Vy, f — upy denote the discrete solution operator of the above
Galerkin method.

Remark 3.1 (Exactness for Ty-piecewise constant right-hand sides). The discrete
solution operator .AI_Jl is exact for f € P°(Ty). This implies that Agfl olly =
.A_l oll H-

The following lemma states an approximation result on the operator level without
pre-asymptotic effects.

Lemma 3.2 (Uniform operator approximation). For any s € [0,1], the discrete so-
lution operator .AI_Jl uniformly approzimates A~ in the operator norm ||- | Ee )y
with an algebraic rate in H, i.e., there 1s C' > 0 independent of o, B, H such that,
for all f € H*(Q2),

ral/? A7 f — A;Ilfna,fz < Hf - HHfHLz(Q) < CHHS“fHHS(Q)'

Proof. This is a well-known result; see e.g. [1,27]. A short proof is presented for
completeness. Define the error e := A1 f —.AI_Jlf. Since a(ug,e) = 0 by symmetry
and Galerkin orthogonality, we obtain

lel2 o = ale, ) = a(u,e) = (f —Iu f, 2y <N = Mafllrz@)llel 2@
using that Remark 3.1 implies for all T' € Ty
(A7, €)p2(q) = a(A "1r,e) = a(Ay'1r,e) = 0,
i.e.,, I;ye = 0. This and (3.1) yield

lellzz () = lle = mellp2(q) < m a2 H | a,Q

The combination of the previous estimates and (3.1) readily yields the result for
s € {0,1}. For the other values of s, the assertion can be concluded by arguments

from interpolation theory (see e.g. [8]) introducing a constant C' > 0 independent
of Aand H. O



4. NOVEL LOCALIZATION STRATEGY

The canonical basis functions {A~'17|T € Ty} of the operator-adapted ap-
proximation space Vy, defined in (3.2), are non-local and have a slow (algebraic)
decay driven by the decay of the Green’s function associated with the PDE opera-
tor A. By a localization of the basis, it is possible to deduce a practically feasible
variant of method (3.3). State-of-the-art localization strategies based on the decay
of the fine-scale Green’s function [20,26] or on subspace decomposition [4,22, 23]
yield an exponential decay of the localization error as layers of neighboring elements
are added. The fast decay is triggered by a Lagrange property of the basis with re-
spect to some quasi-interpolation operator on the coarse mesh which corresponds to
IIy in the present setting. This section presents an advanced localization strategy
which even promises super-exponentially decaying localization errors.

The novel localization approach identifies local Ty-piecewise constant source
terms that yield rapidly decaying (or even local) responses under the solution oper-
ator A™! of the PDE. As usual, localization relies on the concept of (local) patches
in the coarse mesh Ty based on neighborhood relations between mesh elements.
Given a union of elements S C €, the first order element patch N(S) = N1(S) of S
is given by

N'(S) = J{T € T |T NS +0}.
For any ¢ = 2,3,4,..., the /th order patch N*(T") of T is then given recursively by
N®(T) = NY(N~L(T)).

In order to simplify the notation in the subsequent derivation, we shall fix an
arbitrary element T" € Ty and the oversampling parameter £ € N. We will refer to
the /th order patch of 17" by w := N*(T) and make the meaningful assumption that
w does not coincide with the whole domain Q. Let Tg ,, denote the submesh of Tx
with elements in w and let Il ,,: L?(w) — P%(Ty,,) denote the L?(w)-orthogonal
projection onto P°(Ty ).

The (ideal) basis function ¢ = @7 € Vy associated with the element 7" is given
by the ansatz

p=A"'g with g=gr,= > cxlg,
KeTH,w
where (c¢x)keTy,., are unknown coefficients to be determined subsequently. Given
¢, its Galerkin projection onto the local subspace Hg (w) defines a localized approx-
imation ¢'°¢ = I € Hjj(w) that satisfies, for all v € Hg(w),

(4.1) a (¢, v) == /(AVgolOC) ~Vodz = (g, v) 2,

Note that, throughout this paper, we do not distinguish between H{(w)-functions
and their V-conforming extension by zero to the full domain 2. In general, the local
function ('°¢ is a poor approximation of the possibly global function . However,
the appropriate choice of g will lead to a highly accurate approximation in the
energy norm.

The choice of g requires a quick reminder on traces of H!(w)-functions (see
e.g. [24] for details). Let

% = Yow: Vo — X = rangey C H'/?(0w)



denote the trace operator on w restricted to the complete subspace V,, :== {v|, |v €
V} € H'(w). The A-harmonic extension 7, ' defines a continuous right-inverse of
Yo. Given w € X, 75w = ’yo_iw satisfies 707, 'w = w and, for all v € H}(w),

(4.2) aw (v tw,v) = 0.

Given the trace and extension operators, we conclude from (4.1) and (4.2), using
that v — v 'yov € Hj(w), that

loc loc loc

CZ((,O 7,0) :aw((:o 7,0) :aw((:o 71)_70_1’701]) = (g7v_7()_lﬂ/OU)L2(w)-

This, the definition of ¢ and supp g C w yield the following crucial observation

(4.3) alp — ©'°%,0) = (9,0) 12(w) — (¥, 0) = (9.7 "0 V) 12(w)

for any v € V.
This observation rephrases the smallness of the localization error as the (almost)
L?-orthogonality of ¢ to the space

(4.4) Y i=v"'XCV,

of A-harmonic functions on w (which satisfy the homogeneous Dirichlet boundary
condition on 92 N dw). It shall be noted that (4.3) coincides with the definition of
the conormal derivative AV¢!°¢ - n € X’ (n denoting the outer normal unit vector
with respect to w), i.e., the smallness of the localization error is also equivalent to
a small X’-norm of the conormal derivative of ('°¢.

An optimal choice of g is, hence, realized by the singular value decomposition
(SVD) of the operator Il .|y which has finite rank less or equal to N == #7T .
The SVD ist given by

N
Hpwly v= Z 05 (V, Wk) 11 (w) Gk
k=1
with singular values oy > --- > oy > 0, L?(w)-orthonormal left singular vectors
gi,---,9n, and H'(w)-orthonormal right singular vectors wy,...,wy. The left

singular vector gy corresponding to the smallest singular value oy satisfies

(4.5) gN € argmin sup (9,v) L2 (w)-
9EP(Tu,w): lgllp2(y=1 vEY: ]l 51 (,,=1

In this sense, gy is an optimal choice for g and we define

(4.6) or =op(H,l) =0n = sup (gN 5 V) 20y

vEY : [[v]| 1 (@) =1
The value o7 will be used in the remainder as a measure for the (quasi-) orthogo-
nality between g and Y. It coincides with the X’-norm of the conormal derivative
of ©'°¢ up to a constant depending only on the geometry of the patch.

Remark 4.1 (Local basis in 1d). For one spatial dimension, the trace space is at
most two-dimensional and so is the space Y. Thus, already for ¢/ = 1, we can
choose an L2-normalized g € P°(7y ) that is L?-orthogonal to Y. Hence, the novel
localization approach yields a local basis. It is easy to verify that, for a constant
coefficient A, the constructed basis coincides with the canonical quadratic B-splines;
see also [35, Chapter 2]. In comparison, the ideal LOD basis functions [1,26] and
their corresponding right-hand sides are globally supported but decay exponentially
fast; see [1, Theorem 3.15] and Lemma A.2. By construction, the LOD basis



functions fulfill a Lagrange-type property with respect to element-averages. For an
illustration of the novel basis and the LOD basis, see Figure 4.1.

The possible non-uniqueness of the smallest singular value becomes immediately
clear in the one-dimensional case, where, for any ¢ > 2, a simple counting argument
shows that there are multiple optimal choices of g. In higher dimensions, the prob-
lem rather manifests itself in clusters of small singular values which may appear for
large ¢ and certain geometric configurations of the patches near the boundary. The
choice of an appropriate g can then be difficult; see Appendix B for an illustrative
example and a practical solution.

FIGURE 4.1. Classical (ideal) LOD basis (left) and novel local ba-
sis obtained by the novel localization approach (right) for A = 1.
The (L?-normalized) right-hand sides g corresponding to the cen-
tral basis functions are depicted in orange.

Remark 4.2 (Super-localized basis in 2d). In higher dimensions, the novel basis
construction does not lead to a local basis. However, we will see later that the re-
sulting localization errors decay much faster than their classical LOD counterparts.
For an illustration of the novel basis in two dimensions, see Figure 4.2.

FI1GURE 4.2. Super-localized basis functions obtained by the novel
localization approach for A = 1 and ¢ = 1 in two spatial dimen-
sions. The corresponding (L?-normalized) right-hand sides g are
depicted in green.

5. SUPER-LOCALIZED NUMERICAL HOMOGENIZATION

Using the novel localization strategy of the previous section, we turn the proto-
typical numerical homogenization method (3.3) into a feasible scheme. For a fixed



oversampling parameter ¢, define the ansatz space of the localized method as the
span of the localized basis functions galj{cg defined in (4.1), i.e.,

Vi = span{golﬁcg |T € Ty}t CV.

The localized method determines the Galerkin approximation in the space Vi g,
i.e., it seeks ug ¢ € Vu ¢ such that, for all vy, € Vg,

(51) (I(UH’e,UH’g) = (fu UH,K)LZ(Q)-

Let .AI_{li: LQ(Q) — Vim0, [+ um ¢ denote the localized discrete solution operator
of the above Galerkin method.

Remark 5.1 (Collocation version). An alternative discrete approximation, denoted
also by ug ¢ € Vg ¢, is given by

_ loc
UH, . = E CT 1,05
TeET

where (cr)reT;, are the coefficients of the expansion of Il f in the basis functions
gr,e. This method is related to collocation in the sense that it enforces the PDE
to hold (up to localization errors) on average in each element of 7. Similar as for
the Galerkin method, this variant only requires the solution of a linear system of
equations on the coarse scale. The collocation version has the advantage that the
assembly of the system matrix requires only the coarse functions g7, and does not
require the computation of any inner products between the gof&.

A minimal requirement for the stability and convergence of the Galerkin
method (5.1) and its collocation variant from Remark 5.1 is that {gr¢|T € Tu}
spans P°(7y) in a stable way. Numerically, this can be ensured as outlined in Ap-
pendix B. For the subsequent numerical analysis we make the following assumption.

Assumption 5.2 (Riesz stability). The set {gr¢|T € Tu} is a Riesz basis of
PO(Ty), i-e., there is Cu,(H,£) > 0 depending polynomially on H,{ such that, for
all (CT)T€TH7

2
—1 2 2
CLHH) Y &< H Y CTg”HLz(Q) < Cu(H D) Y &
TETH TETH TETH

6. ABSTRACT ERROR ANALYSIS

In this section, we derive an error estimate for the localized solution operator
A;Ilg introduced in Section 5. The error estimate is explicit in the quantity
c=o0(H,0):= max op(H,/
(H.6) i= max or(H, ()

which reflects the maximal localization error over the coarse mesh, cf. (4.6). Bounds
for o will be presented at the end of this section and in Section 7.

Theorem 6.1 (Uniform localized operator approximation). Let {gr¢|1T € Ty}
be stable in the sense of Assumption 5.2. For any s € [0, 1], the localized discrete
solution operator A;ng approzimates A~' in the operator norm || - ||ys()—y with



an algebraic rate in H plus an additional localization error, i.e., there are C, C' > 0
independent of H,¢ such that, for all f € H*(Q2),

A7 = Ao g < CUHIS = T gy + O (L0020 (L) 2000
< C'(H'"™ + O (H O (H,0) | fll+0)
with Cyy from Assumption 5.2.

Remark 6.2 (High contrast). The constants C, C’, o, and C,, may depend on «, 3
but are independent of variations of A. Presumably, there is a similar contrast-
dependence as for the LOD. In practice, the sensitivity towards the contrast 8/« is
usually smaller than predicted by the theory. Subsequently, constants may depend
on «a, B and this dependence will not be elaborated.

Proof. Using Céa’s Lemma (see e.g. [11]), we obtain that upy, = -AI_{,lzf is the
best approximation of v = A~!'f in Vg, (w.r.t. the energy norm), i.e., for all
VH € VH 0,

aQ— ||U_UH£||GQ

Setting @ = A~ Iy f, we obtain with the triangle inequality

lu = wrrell, o < llu—1ill,q+
For the first term, we obtain using property (3.1)
lu—ll, o = AT (f = Tufllgo < I~ Taflla-1

<x la T PH|f = Tg £l 2 )

For the second term, we use that the prototypical method (3.3) is exact for Iy f
(Remark 3.1). This enables us to represent @ using the ideal basis functions ¢ s,

ie.,
u= E CT OT .45
TeETH

where (cr)rer;, are the coefficients of the expansion of Il f in the basis functions
gr.e (Assumption 5.2). For the particular choice

— loc
VH = E crpry € Vi,

TETy
we obtain defining e := @ — v ¢
2
(6.1) lelzg =Y eralere—¢r5e).
TET

The definition of o in (4.6) shows that

(SOTe—SOIOC e) = (97.05 Yo 70 €)Lz(Ni(T)) o(H, 5)”% Yo €||H1(N‘~’(T))

(6.2)
< Co(H,0)|ell grnecry)

with v and 7 ! denoting the trace and A-harmonic extension operators on N¢(T'),
respectively. For the proof of the last inequality, we decomposed vy 1’“/06 =e+ep



with ey € HE(NY(T)) satisfying, for all v € H}(N(T)), a(eo,v) = —a(e,v). The
inequality then follows, using
2 2
leollFr wecry) = IVeollzzneery) + leollra ey

< a ' (1 + 7 2diam(N(T"))?)a(eo, eo)

< Ca'a(e, eo)| < CBa el necrylleoll ar neery)
where we employed Friedrichs’ inequality and that the diameter of the patches
N(T) C Q is bounded (recall that Q is of unit size).

The combination of (6.1), (6.2), Assumption 5.2, the discrete Cauchy—Schwarz
inequality, the finite overlap of the patches, and (3.1) yields

2
lellmg =Y eralere— @5 e) < Co(H.L) > crllelmnecry)
TET TETH

<Co(H0) | Y C%\/Z el e cry)

TETy TET

< CCYL*(H 0o (H 0)ell, ol fll 12

with C' > 0 being a generic constant independent of H,/. For the last step, we
again used Friedrichs’ inequality. Rewriting the estimates in terms of operators,
the assertion follows. O

Remark 6.3 (Error estimate for collocation version). The solution of the collocation
version introduced in Remark 5.1 also satisfies the error estimate from Theorem 6.1.
This is an intermediate result from the proof of Theorem 6.1, where an error esti-
mate for the collocation version is used to bound the error of the Galerkin version.

The remaining part of this section contains an existence result that is tentatively
pessimistic. We show that there exists a basis that satisfies Assumption 5.2 and that
decays exponentially. For this result, the choice of basis is equivalent to the LOD |1,
27] and, hence, different from the newly proposed one. The result shows that the
localization error of the novel localization strategy decays at least exponentially.

The idea is to construct the right-hand sides g7, such that applying the local
inverse operator yields the respective LOD basis functions. For this purpose, we
introduce non-negative bubbles by € Hg(T) with Ilzbyr = 17 which are chosen
such that

(6.3) 7|[br|L2ry < H [Vor|lp2er) < CV/|T]

with C' > 0 solely depending on the shape regularity of the element 1" € Tg. The
LOD basis function which corresponds to element 1" and is supported on the patch
w = N¥(T) is then given by

(6.4) @lo¢ = PG 1= (1= C")br

with C'o¢ = C’%?‘z denoting the localized correction operator which is defined as the
a-orthogonal projection from H{(w) onto the closed subspace W = Wy, = {w €
H}(w) |y ,w = 0} of functions oscillating at scales unresolved by T, i.e., for all

wEe W,

a(Cv,w) = a(v, w).



Due to the coercivity of a, the correction operator is well-defined and continuous
with constants independent of H, ¢. The LOD basis function (locally in w) possesses
a Tp-piecewise constant right-hand side (see Lemma A.2), i.e.,

(6.5) g=gre = —d1VAV<,01°C € P'(Thw) C L (w).

The following lemma shows that this choice yields an exponentially small value of
o and that the g7, form a stable basis of P®(7Tf) in the sense of Assumption 5.2.

Lemma 6.4 (Stability and exponential decay of classical LOD basis). Suppose that
¢ is chosen at least proportional to |log H|. Then, there is C' > 0 independent of
H,{, such that L?-normalized versions of the gr satz’sfy, for all (¢r)reTts,,

(6.6) (CH Y'Y &< H S ergre oy SCH™ 3 é.

TETH TETH TETH

Furthermore, inserting the normalized gr o in (4.6) yields

(6.7) o(H,0) < C'"H exp(—C¥)

with C' > 0 independent of H, /.

Proof. For the proof, see Appendix A. O

Combining Theorem 6.1 and Lemma 6.4, one recovers an a-priori error estimate
with rates as for the classical LOD based on piecewise constant finite elements;
see [1].

7. JUSTIFICATION OF SUPER-LOCALIZATION

This section theoretically justifies the super-exponential decay of the localization
error by utilizing a conjecture related to the decay of Steklov eigenfunctions. This
decay is in line with the numerical results in Section 8. In the remainder of this
section, we consider domains in R%, d > 2, as nothing needs to be shown in one
dimension; see Remark 4.1.

We construct approximation spaces of Y defined in (4.4) using Steklov eigen-
functions, i.e., solutions to the patch eigenvalue problem

divAVY =0 inw, AVY-n =X onT'y :=0w\0, 1 =0onTy:=0dw\l'

with n denoting the outer normal unit vector with respect to w. The weak for-
mulation of this eigenproblem seeks eigenpairs (1, A) € V,, x R such that, for all
v E V,,
aw(¢’ U) = )\(@b, U)L2(F1)'
There exists an L?(I';)-orthonormal and a,-orthogonal set of eigenfunctions {v, | k
€ Ny} with corresponding non-negative eigenvalues { Ay, | k € Ny} (ordered such that
0= X0 < Ay <...) which is a complete subset of Y’; see [2]. Arbitrary functions in
Y can be expanded as
oo

(71) Z z/)k L2(T'y) Q/Jk::

k=1

where the sum converges in the H!(w)-norm.
A sufficient condition for the super-exponential decay of the localization error
can be phrased in terms of certain decay properties of the Steklov eigenfunctions.



F1GUre 7.1. Hlustration of Steklov eigenfunctions g, 115, and 40
for w=(0,1)%,I'; = Ow, and A =1

Assumption 7.1 (Decay of element-averaged Steklov eigenfunctions). There are
¢ > 0 independent of H,{ and Csq > 0 depending polynomially on H,l such that
for all patches N*(T') the Steklov eigenfunctions 1y, satisfy, for all k € Ny,

”HHvNZ(T)ka”L‘Z(NLé/'zJ () < Csq(H, b)) exp(—ckT).

Remark 7.2 (Decay of Steklov eigenfunctions). The oscillatory nature of the Steklov
eigenfunctions for large k presumably leads to a strong decay of the corresponding
eigenfunctions; see Figure 7.1. For some special cases, this has been made rigorous;
see e.g. [18,19,34]. These works require smoothness (or partially even analyticity)
of the domain and the coefficients. In [19], a conjecture on the decay of the Steklov
eigenfunctions in the interior of a domain has been formulated. This conjecture in
particular implies the element-averaged version from Assumption 7.1.

Theorem 7.3 (Super-exponential localization). Suppose that Assumption 7.1 holds
and let L € N be the largest number such that, for all ¢ < L and all patches, the
number of patch elements scales like ¢. Then, there are ¢, C > 0 independent of
H. ¢ such that, for all ¢ < L,

o(H,0) < CCsq(H, 0)* 75 H= /2 exp(—clTT)
with Csq from Assumption 7.1.
Proof. Define @ = N¥/2/(T) and let Ny = #7y 5 denote the number of elements

in &. We estimate o by choosing the L?-normalized g € P°(Tf ) in (4.6) such
that it is L2-orthogonal to the first Nz — 1 Steklov eigenfunctions, i.e.,

g J—Lz(w) {¢1»-~-,¢N@—1}-

If this choice is non-unique, one may require L?-orthogonality to even more Steklov
eigenfunctions (until g is uniquely determined). This choice may not coincide with
the optimal one in (4.5) but suffices to derive an upper bound for or. By (7.1) and



Assumption 7.1, this choice yields, for all v € Y, using

e o]

(g7 U)L2(w) = (97 Z (’U, wk)LQ(Fl)HH,wlpk)

k=Ng

< H Z (Ua ¢k)L2(F1)HH,w¢k‘
k=Ng

L2 (@)

L2(@)

o0
<lollpeeyy Do Marwdell )
k=No

< Caa(H.0) [0l paryy D, exp(—ckTT).
k=N

Rewriting the last sum as a (generalized) geometric sum with the base 6 = exp(—c)
< 1 and estimating the sum against an integral, we get

oo

Z exp(—ck:ﬁ) = i 6kai_1 < C//

k=Ng k=Ng N

o 1
gz T

dx,

where C’ > 0 denotes a generic constant independent of T', H, /. Using a change
of variables and integrating by parts until the term 29~2 in the product z4-26*
vanishes, one obtains

o1 oS d=2 i
/ exd—l dr = (d— 1)/ . l‘d_2¢9xdl’ < C/Ng_leN; )

Ny N1

w

With the definition of § and Nz ~ ¢¢, we obtain

or(H,t) < sup (g, 'U)Lz(a)|
veY : ||’U||H1(Q):1

< sup C'Cs(H, ﬁ)fd_d;il BXP(—C%%)HUHL‘Z(H)’
vEY : ”U”Hl(&v):l

introducing ¢ > 0 that only differs from ¢ by a constant factor. Employing the
trace inequality [13, Lemma 1.49] and using the quasi-uniformity of the mesh Ty,
we obtain

or(H,0) < C'Coa(H, 007~ 7T H/? exp(—¢'7°T).

Taking the maximum over all T' € Ty yields the result. O

We highlight that this proof only utilizes the decay of Steklov eigenfunctions
which have an index greater than or equal to the number of elements in NL%/2}(T").
Thus, provided that ¢ is chosen sufficiently large, a fixed number of non-decaying
Steklov eigenfunctions do not pose a problem in the above proof and Assumption 7.1
could be relaxed accordingly.

Remark 7.4 (Theorem 7.3 in 1d). Interpreting % as infinity for d = 1, Theorem 7.3
is consistent with the earlier result that the new basis is local in 1d (see Remark 4.1).



8. NUMERICAL EXPERIMENTS

A practical implementation of the novel numerical homogenization method re-
quires a fine-scale discretization for solving the patch problems (4.1) and for the
computation of the respective right-hand sides (4.5). This can be done by substi-
tuting the spaces H(w), H(w), X, and Y, defined in Section 5, by their finite
element counterparts on meshes obtained by successive uniform refinement of 7y .
Given the extensive experience with the numerical analysis of fine-scale discretiza-
tion for the classical LOD [1,27], we expect that the theoretical results remain valid
for this case.

The subsequent numerical experiments shall illustrate the super-localized numer-
ical homogenization method and its theoretical properties. We consider uniform
Cartesian meshes of Q = (0,1)¢, d € {2, 3}. Henceforth, let the mesh size H denote
the side length of the elements instead of the diameter.

For the numerical experiments in 2d, we choose A to be a realization of the
coefficient which is piecewise constant with respect to the mesh of mesh size 277
and which takes independent and identically distributed element values between
a = 0.01 and f = 1. For the numerical experiment in 3d, we use the simpler
periodic coefficient

3

1 99 :

A(z1, 22, 23) = 100 + %<Hsm(287m,;) + 1)
=1

which has the same values of o and . The periodicity of this coefficient on the
mesh of mesh size 277 is exploited in the numerical implementation in order to
reduce the computational cost; see Remark B.1. Details on the implementation are
provided in Appendix B. For all numerical experiments (2d and 3d), the local patch
problems (4.1) are solved using the Q;-finite element method on Cartesian meshes
of the respective patches with mesh size h = 272. The fully discrete numerical
approximations (denoted by wj ) are obtained by the Galerkin method (5.1)
for the experiments in 2d and by the collocation variant from Remark 5.1 for the
experiments in 3d. The energy errors are calculated with respect to a reference
solution (denoted by uy) which is obtained by the Q;-finite element method on the
global mesh with mesh size h = 27°.

Observation of super-exponential localization. We consider the right-hand
side f =1, as for f € P°(Ty), the error is bounded solely by the localization error
(see Theorem 6.1). In Figure 8.1, the localization errors for the novel localization
approach (referred to as SLOD) are shown for the above (2d and 3d) numerical
experiments. The localization errors are plotted for several coarse grids Ty in
dependence of £. For the 2d experiment, we additionally depict the localization
errors of the stabilized LOD from [21]. For reference, we indicate lines showing the
expected rates of decay of the localization errors.

Figure 8.1 numerically confirms the super-exponential decay rates of the local-
ization errors as stated in Theorem 7.3. The localization error of the LOD, depicted
in Figure 8.1, decays exponentially; see e.g. [1,26]. Much higher values of £ are nec-
essary in order to reach the accuracy level of the SLOD. For the 3d experiment, the
reference problem needs 23 ~ 130M DOF for sufficiently resolving the coefficient.
By numerical homogenization, without significant loss of accuracy, it is possible to
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Ficure 8.1. Plot of the energy localization errors
W n,e — un| .0 in dependence of the oversampling parame-
ter ¢ of the SLOD and the LOD for the 2d experiment (left) and
of the SLOD for the 3d experiment (right)

reduce the number of DOF to, e.g., 234 ~ 4K for H = 2~ which demonstrates the
high potential of the novel localization technique.

Optimal convergence under mesh-refinement. For demonstrating the conver-
gence of the new method, we consider the 2d numerical example with right-hand
side
f(zy, o) = sin(zy) sin(zz).

Figure 8.2 shows the energy errors for the SLOD and the LOD for different over-
sampling parameters as the coarse mesh 7y is refined. Note that we only consider
combinations of H, ¢ for which all patch-problems (4.1) are non-global. For refer-
ence, a line of slope 2 is depicted.

=t SLOD, £ =1
== SLOD, /=2 ]

SLOD, £ =3 | ]
A SLOD, £ =4 | ]
-m.LOD, (=1 |3
-@E-LOD, ¢ =2
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----- slope 2 E
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FIGURE 8.2. Plot of the energy errors |[up n,¢ — usnl|, o in depen-
dence of the mesh size H of the SLOD and the LOD for the 2d
experiment



9. CONCLUSION

This paper presents and analyzes a novel localization approach for elliptic multi-
scale problems. It constructs an approximation space with optimal algebraic rates
of convergence in H without pre-asymptotic effects which has basis functions with
supports of width O(H|log H|(¢=1/4). A sequence of numerical experiments illus-
trates the significance of the novel localization strategy when compared to the so
far best localization to supports of width O(H|log H|).

Three questions remain open and need to be addressed in future work. The first
one is the stable selection of a basis of right-hand sides gr ¢ (Assumption 5.2). We
have presented a practical implementation that numerically solves this issue; see
Appendix B. Nevertheless, a proof or a novel implementation that yields a provably
stable basis is still missing. The second question concerns the super-exponential
decay of the localization errors. This decay is mathematically justified in Section 7,
however, a rigorous proof is open. Lastly, in [16] it is conjectured that there exists a
fully local basis (i.e. O(H %) basis functions with supports of diameter O(H)) with
optimal rates of convergence without pre-asymptotic effects which is motivated by
numerical experiments in two dimensions. The present work neither proves nor
disproves the existence of such a local basis, however, due to the super-exponential
decay, the novel basis functions are extremely close to being local.

Despite these open questions, the approach has certainly high potential beyond
the simple model problem of this paper, as the recent works [3,14] show.

APPENDIX A. PROOF OF LEMMA 6.4

Remark A.1 (Tilde notation). Henceforth, we write a < b and ¢ 2 d in short for
a < Cb and ¢ > C'd, respectively with constants C,C’ > 0 independent of H, /.

We define the V-conforming L?-orthogonal projection I, onto the span of bubble

functions as
I (v) = Z ][debT
TET T

with by from (6.3). It is straightforward to prove local continuity and approximation
properties on the element level, i.e., it holds, for all T' € Ty,

Tyl 22y < |[oll2ery for all v € L*(T),
(A1) VIl ooy S H 0l oy for all v e L*(T),
o — Tl 20y < H|| V0| 221 for all v € H'(T).

Lemma A.2 (Properties of LOD right-hand sides). The LOD basis function ¢'°°
defined in (6.4) has a right-hand side with

(A.2) g=gre=—divAVp'© € P°(Tp ) C L*(w).
Furthermore, the right-hand side decays exponentially, i.e., it holds, for all m € N,
(A.3) 191l 2 @nm (ry) S H ™ exp(=Cm)|gll -

Proof. For proving (A.2), we consider the saddle-point formulation from [25, 29]

which seeks the localized LOD basis function ¢'°¢ = golffé and a corresponding



Lagrange multiplier A € P°(7;;,,) such that

A BT QOIOC B 0
(5 5) (7))
with the patch-local operators A: H}(w) — H 1 (w),u — ay(u,-) with a, denot-
ing the restriction of a to w, B: H}(w) — P*(Ty),u + Iy ,u, and its trans-
pose BT: P*(Ty,.,) — H '(w) defined for all p € P°(Ty,) and v € H{(w) by
(BTp, V)1 (w)x Hi(w) = (P V)2, Next, we show that S: PO (T w) = PO (Thw),

p— (BA™1BT)p is invertible by applying the Lax—Milgram lemma. We have that
S is coercive as for arbitrary p € PY(7z)

(8P, D)2y = (AT B, BTp) 2y = aw(A™ B p, A BTp) 2 BT pllF-1 (.-

The estimate can be continued by using the properties of the bubble operator (A.1)
together with the inverse estimate [|[VILgv| 2, < H-! g vl 2, for bubble
functions

(BTp7 U)L2(w) < (BTp7 ﬁHU)LZ(w)

Hlp|l;2¢,,=H sup <H —
LAe) veH} (w) ||U||L2(w) veH! (w) ||HHU||L2(w)
(BTp7 ]’:\_j:flv)[,2 w
< sup w < BT pll -1 (w)-

verdw) [[VILgv|[ 12,

Joining the estimates proves the coercivity of S. The continuity of S can be seen
as follows

(8P, 9) 12 = @A™ BTp, A7 BYq)
SIB Pl 1B  all -1 ) S 1Pl 20yl 220y
The Lax-Milgram lemma then yields that S~! exists and
||S_1p||L2(w) < H_2||P||L2(w)-

loc

As ¢'°¢ satisfies

AQOIOC — BTsil]_T,
it is an immediate consequence that ¢'°¢ solves for all v € H{ (w)
aw((plocv U) = (S_llT ) U)L2(w)

and thus g :== —divAV'°¢ = S~ 1p € PY(Ty.,) C L3 (w).
For the proof of (A.3), we utilize the connection of S~ to LOD theory. Us-
ing (6.4), one obtains for p,q € PY(Ty )

(7', @)y = (AATBTSIp, AT BT ST ) 1wy x 1 )
= a,,((1 = C°)Igp, (1 — C°)IIyq).
Defining g := glg\nm (1), we obtain for the LOD right-hand side g
2 - — oC\TT oc\TT =
191172 @\ (ry) = (ST 12, §) 20y = aw((1 = )Ly, (1 = C°°)llgg).
Utilizing the decay result [1, Theorem 3.15], the assertion
||g||L2(w\Nm(T)) <SH™! exp(—C’m)||g||L2(w)

can be concluded using standard cut-off arguments from LOD theory. U



Proof of Lemma 6.4. We begin proving assertion (6.7). Inserting g from (6.5)
in (4.6) and using the stability result for ~, '~ as derived in the proof of The-
orem 6.1, we obtain

1 _
or(H{) < —— sup (95 Yo 170 U)Lz(w)|7
||g||L2(w) vEVw vl g1y =1

where we account for possibly non-normalized g by dividing by its norm. We choose
a finite element cut-off function 7 € W (w) with |[Vn||z= () < H~!' such that

n=0 in Nz_l(T), n=1only, 0<n<1in w\Ne_l(T).

Using vov =vonv (n =1 on I'y), we can write for v € V,

loc

—(95 % 0 0) 20y = —(9 1) 12y F 0 (017, 10)

with ¢'°¢ from (6.4). Estimating the first term yields

(g 77“)L2(w)| < ||9||L2(W\N£—1(T))||”||L2(w) SH™! eXp(—Cf)HQHB(w)||“||H1(w)7
where we used Lemma A.2. For the second term, we get using the decay of the
LOD basis function (c.f. [1, Theorem 3.15])

Iaw(solocmv)l < ||V9010C||L2(W\N2—1(T))(||UV”7||L2(R) + ||7IVU||L2(UJ\N€—1(T)))
S H ™ exp(=COIIVO" | L2 () IV 0]l 12w
SH! exp(—=CO)[gll 2 llv]l 2 (w)-

Taking the maximum over all elements 1" € Ty concludes the proof.

For proving the Riesz property (6.6), we first examine the linear map between the
characteristic functions and the ideal LOD right-hand sides more closely. Similar as
in the proof of Lemma A.2, the ideal LOD basis functions and their corresponding
(non-normalized) global right-hand sides are determined by

or = A 'BTgr and gr=S8"'1r

with S := BA~!'B”, where A and B are now the global counterparts of the operators
in the proof of Lemma A.2. Following the proof of Lemma A.2, one can prove that
S~ (here S also denotes a global operator) exists and

IS™ Pl 2y S H 2[Ipll 2 (0)-

Second, we show that the difference between the global g and its localization
g7 is exponentially small with respect to the L?-norm. We obtain

2 2 2
lgr = 916l 120) = llgT = 91.6ll72(00) + 97 — 976l 72 (00 0)-

Using [1, Theorem 3.19], the first term can be estimated as follows
lgr = g7.¢ll72(0) = (97 — 97, g |97 — 91,0)) 12 ()

= aw((pT|w - (PIIQ,CEaﬁH|w(QT - gT,e))
S H L exp(—=CO|[Veor| 2o lgr — 976l 12w

SH™! exp(—C€)||gT||L2(Q)||gT — g1.¢| L2 (w)?



where gplﬁcz denotes the localization of ¢p. For the second term, we use that gp
decays exponentially away from 7". This can be proven similarly as the local result
from Lemma A.2. Using the two estimates, we conclude

(A.4) ||gT - gT,€||L2(Q) < H! exp(—Cﬁ)HgTHLz(Q).

Henceforth, let g7, and g7 be L?-normalized. Next, we derive the Riesz stability
result for the global right-hand sides. Using the continuity estimates for S—! and
S, one can show the desired Riesz property in the global case

2
(A.5) HEY s || Y engr||, sHTY &
TeTu TETH LA T€TH

Lastly, estimate (A.4) can be reformulated for the L?-normalized right-hand sides
as

lgr — 9T,f||L2(Q) < H texp(—CY¥).

Assuming that ¢ 2 |log H| and using the previous estimate, one can show that the
localized right-hand sides g7, form a Riesz basis similarly as (A.5). U

APPENDIX B. PRACTICAL IMPLEMENTATION

We shall finally discuss some aspects of the stable and efficient implementation of
the novel localization strategy introduced in Sections 4 and 5. The implementation
involves a random sampling approach for approximating the space Y from (4.4),
similar to [9,12]. Approximating the space Y by harmonic polynomials [5] or
Steklov eigenfunctions [28] would also be possible.

For the sake of simplicity, we only consider Q C R, d > 2. An efficient im-
plementation of the algorithm requires, on the one hand, that the right-hand sides
gr.¢ can be computed with minimal communication between the patches and, on
the other hand, that {g7¢|T € T} is a stable basis of P°(7;) in the sense of
Assumption 5.2. Stability issues occur whenever there are nested groups of patches
close to 0.

For illustration purposes, consider Q = (0,1)? with a Cartesian mesh and ¢ = 2.
The patches corresponding to the elements with positions® (1,1), (1,2), and (2,1)
are contained in the patch corresponding to element (2,2). This nesting leads to
an unfavorable choice of basis functions, e.g., the function with right-hand side
associated to the smallest singular value on the patch of element (2,2) is not the
basis function one would expect for this element, but rather the one of element (1,1).
Indeed, it nearly coincides with the function with right-hand side associated to the
smallest singular value on the patch of element (1,1); see Figure B.1. Similar
problems occur for elements (1,2) and (2,1).

This problem can be cured by only considering the (largest) patch of element (2, 2)
and calculating the functions with right-hand sides associated to the four smallest
singular values. For a plot of these functions, see Figure B.2. Using this strategy,
it is possible to compute four linear independent basis functions. This basis spans
a space containing the functions one would intuitively expect as basis functions for
the elements.

1Here, the position is a vector in {1,..., H_l}2 with first (resp. second) component determin-
ing the location in z-direction (resp. y-direction). The numbering is so that (1, 1) is the bottom
left element.
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Ficure B.1. Functions obtained by solving the patch prob-
lems (4.1) for the right-hand sides associated to the smallest sin-
gular values on the patches corresponding to elements (1,1) (left)
and (2,2) (right) for A=1

Ficure B.2. Functions obtained by solving the patch prob-
lems (4.1) for the right-hand sides corresponding to the four small-
est singular values (singular values increase from left to right) on
the patch of element (2,2) for A =1

This procedure can be easily generalized. First, we identify groups of patches for
which the basis functions are computed simultaneously. This can be done as follows:
All patches N¥(T) with T having distance > /¢ layers to 9 can be considered
separately. Patches, where T has exactly a distance of layers £ — 1 to 0f2, are
considered as representatives of a corresponding group of patches.

Finally, every remaining patch N*(7'), i.e. 1" has a distance of < £ — 1 layers to
0f2, is uniquely assigned to a group. Here, the representative patch of this group
is a superset of the patch N*(T). Let the number of patches in a group be denoted
by k.

For all representatives w = N¢ (T'), we continue discretizing the patch in order to
numerically approximate the £k right-hand sides. Denote N := #7Tp,, and let T},
be a fine mesh of w obtained by uniform successive refinement of 7y .,. We denote
the nodes of the fine mesh 7y, ., by z; with j € N := {1,...,n}. We assume that
the numbering of the nodes is such that we can disjointly decompose N into indices
corresponding to nodes on I'y = dw\d2, T'y :== dw N I, and w\Ow, respectively,
i.e., N'= NTUNUN, with subsets N7 := {1,...,n1}, No:={n1+1,....,n1+ns},
and Ny := {n1 +n2 +1,...,n}. Furthermore, by {¢;|j € N}, we denote the hat
functions associated to nodes in NV, satisfying ¢;(z;) = d;; for all i, j € N.

We approximate the space Y from (4.4) by calculating the discrete A-harmonic
extensions of sample boundary data on I'y. Denoting with m € N the number
of samples, we define S; € R"*™ to be the matrix having sample vectors of
length n; as columns. The entries in each column correspond to the nodal values of
sample finite element boundary functions on I'y. We use independent and uniformly



distributed nodal values within the interval [—1, 1]. For the numerical experiments
in Section 8, the number of samples m is chosen to be 5N. Let S™*" be the matrix
whose columns are coordinate vectors of the discrete A-harmonic extensions of the
columns of S;. We can calculate the matrix S as

S1
S=1{o0 with  Sp:= —Aj'A;S,,
So

Ay = (awl(@j, ¢i))ijeny, A1 = (aw(Pj, di))ien jen, and 0 denoting the ng x
m zero matrix. Next, the SVD of the matrix X = P(STKS)™'/2 ¢ RN*™ is
computed, where P € RN*™ ig the column-wise application of the L2-projection
onto the characteristic functions {17 |7 € Ty} to S. The matrix K € R™*" is
the sum of the stiffness matrix and the mass matrix with respect to 7 . Note that
the term (STKS)~!/2 guarantees that the right singular vectors of X represent a
set of H!(w)-orthonormal functions. Nevertheless, in practice, it seems reasonable
to apply the SVD directly to P, i.e., (STKS)~!/? does not need to be computed.
In all our numerical experiments, we could hardly see a difference with regard to

the choice of basis and the resulting errors.
The reduced SVD of X reads

X = GXHT

with G € RV*N 33 ¢ RV*™ and H € R™ ™. The last k columns of G (as-
suming a non-increasing ordering of the singular values) are henceforth denoted by
g1,...,8; € RY. The g; are coordinate vectors (w.r.t. the basis {17 |7 € T }) of
right-hand sides g7, with 7" in the group of patches corresponding to representa-
tive w.

Having computed the right-hand sides g7 ¢, it is not difficult to compute the fully

discretized counterpart of @S as the solution of a discretized version of (4.1).

Remark B.1 (Exploiting periodic coefficients). If the coefficient A is periodic with
respect to Tg, the computational costs can be reduced significantly. In this case,
the above procedure only needs to be performed for O(¢?) reference patches. The
basis functions can then be obtained by translation; see [17].

Remark B.2 (Complexity of basis computation). Suppose that, for some s € N, we
approximate the space Y by m = s # 7., € O(s¢%) samples of discrete A-harmonic
functions on the mesh 7 ,. Each sample requires the solution of a boundary value
problem on the patch mesh with (’)((éTH)d) degrees of freedom. Next, the matrix
product STKS needs to be calculated which has a complexity of O((£L)4(s¢%)?).
Furthermore, a SVD and a matrix square root and inverse of matrices with sizes of
order /¢ x s¢? and sf® x s¢?, respectively, need to be computed. Finally, another
boundary value problem on the patch mesh needs to be solved in order to compute
the actual basis function.
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